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PREFACE. 


Tiiirt fnlitioii of KiK'iid H Firnt lkM»k lias WH*n pn*jiar<Hl 
ill accordanri* with tin* wInIich of many toa<‘hf»rH. It con- 
sists mcndy of a rf‘print from our <*omph*to “TextlwHik of 
Euclid’s Elements” to^^ether with a small collection c»f 
MisicllaiUHius Examples. It will prohahly In* found that 
thesM* and the e^u^y exerois<*H inU*rsjx*r*8ed tfirou^liout the 
text provide .sullicient pmctice for U»ginner8. Teiwhiu’s 
who requin* more examples and prohlems will find a larj^e 
nuinlxT, carefully arranj(ed and classitir*il, on jxif^es H7 - 1 Ml 
of t>ur comph*t4* (*ditton. 

il. S. HALU 
F If. STEVENS. 
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EUCLID’S ELEMENTS 


BOOK I. 

I>KKINIT10N8. 


1. A point is that which hfw* j)o«ition, but no mag- 
nitude. 

2. A line is that which has length without brearlth. 

The extremities of a line are points* and the intorsc^ction of two 
lines is a point. 

3. A itnight line is that whicli lies evenly Is* tween 
its extreme points. 

Any portion cut of! fn>m a straight line is calU^ a segment of it. 

4. A gorface is tliat which has length and bn^lth, 
but no thickness. 

The boundaries of a surface are lines. 

5. A plane snr&ce is one in which any two [khiiU 
l)eing taken, the straight line lietwc^m th<ftn lies wholly in 
tliat surface, 

A plane surface is frequently referred to simply as a plane. 

Note. Euclid regards a point merely as a mark of positioM, and 
be therefore attaches to it no idea of size and shape. 

Bimilaxly be considers that the properties of a line arise only from 
its length and posiftoii* without reference to that minute Kteadth which 
every line must really hare if actually drawn, even though the most 
perfect instruments are used. 

The definition of a surface is to be understood in a similar way. 
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EUCLIll’H ELKMKXm 


6. A plane ax^^le is the incUuAtion of two straight 
Hues to one another, wliich linnet together, but are not in 
the Willie straight lint?. 

Th« point at which the Rtrai#(ht linos moot i« calU^d tho Tertex of 
the angle, and tlie straight lines tliemselves the arms of the angle. 

When several angles are at one jK>int O, anv one 
of them is expr(*sscKl by thrwi Uniters, of which the 
letter that refers to the verte x is put the 

other two. Thus if tho straight lines OA, OB, OC 
meet at the point O, the angle oemtained by the 
straight lines OA, OB is named the angle AOB or 
BOA ; and tho angle o<»ntainc^i by OA, OC i« named 
the angle AOC or COA. Himilarly the angle con- 
tained by OB, OC is referrtMl to as the angle BOC 
or COB. but if there be* only one angle at a 
it may Imj expreswxl by a single letter, as thi* angtr 
at O. 

Of the two straight lines OB, OC shewn in the 
adjoining figure, we recognize that OC is putrr i«* 
c//;e’d than OB to the straight line OA : this we 
express by saying that the angle AOC is greater 
than the angle AOB, Thus an angle must Isj 
regardful tis having matmitude. 

It should 1 h> ol>Hf*rsvd that tlie angle AOC is the sum of tho 
angles AOB and BOC ; and that AOB is the difference of the angles 
AOC and BOC. 

The beginner is cautioned against supposing that the size of an 
angle is altered either by increasing or diminishing the length of its 
arms. 

[Another view of an angle is recognized in many branches of 
mathematics ; and though m»t employed by Euclid, it is here given 
liecuuse it furnishes more clearly than any other a conception of wliat 
is neuint by the ma^nitudr of an angb*. 

SupiK'se that the straight Hue OP in the figure 
is camhle of revolution alunit tlie point O, like the 
hand of a watch, but in tho op|>o«ite direction; and 
supinm* that in this way it has )>asafd successively 
from the jKuation OA to the positions oooupied by 
OB and OC. 

Bnch a line must have undergone more turmn^ 
in (lasidng from OA to OC, than in passing from OA to OB ; and 
ooDsequently the angle AOC is said to be greater than the angle AOB.] 
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7. When » straight line standing on 

another straight line makes the adjacent 
angles e<)ual to one another, each of the an- 
gles is called a right angle ; and the straight 
lute which stands on the oibcT is calhHl a 
perpendicular to it. - 

8. An obtuse angle is an angle which 
is greater than one right angle, but h^ss 
than two right angles. 

9. An acute angle is an angle which is 
less than a right angle. 


/ 


..A 


(In the adjoining figure the siraiik^ht line 
OB may be supposed to have arnvcd st 
its present position, from the position tK'cu- 
j>ied by OA, by revolution al»out the jx)int O 
in eithfr of the two dirt*ctions indicated by 
the arrows ; thus two straight lines drawn 
from a point may hi) considercfi as forming 
nro angles, (markinl h) wjd (ii) in the figure) 
of which the greater (ii) is said to Is* reflex. 



If the arms OA. OB are in the same ini*.. 

wtraight line, the angle formed by them BOA 
on cither side in cfUlea a etraight angle.] 


10. Any }>ortion of a plane surface ls)undc<i bv one 
or more lines, straight or curved, is called a plane figure- 

The sum of the bounding lines is called the perimeter of the figure. 
Two figures are said to ho <^ual in area, when they i*nclo«f . qiial 
portions of a plane surfaci*. 


11. A circle is a plane tigum coniaine<l 
by one line, which is called the circum- 
ference, and is such that all straight lines 
tb-aw'ii from a certiiia point 'within the 
figure to the circumference are equal to one 
another : this point is called the centre of 
the circle. 



A radius of a circle is a straight line dniwn troni the 
centre to the circumference. 
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12. A ditmaier of a drdo i» a line drawn 

throuKli tlie c^ntr<% and terminated 1)oth w'ays by the 
dr<*uinfen»nct\ 

13. A semicircle i» the ti;nire l)ounded by a diameter 
of n 4*iri‘le and the part of the einminfenMicT. cut oft’ by the 
dianieU^r. 

14. A segment of a circle k the lK>uruhd by 

/i straij^lit line and the j«irt of the circumferciUMj which it 
cuts oil* 


15. Bectilineal figures are thos<' which are l)ounded 
by straight lines. 

16. A triangle is a plane iigure Ixmnded by 
straight lines. 

Any one of th« angnlar fxiintH of a triangle may bo regarded ai its 
Y«rt«x ; and thu oppoHito side is then called the base. 

17. A quadrilateral is a plane tigurt^ lK)unded by 
/(tur straight lines. 

The sirntghi line which joitiK op{K>Hito angular pttints in a qnadri. 
lateral k called a diagonal. 

IH, A polygon is a plane liguro lx>unded by more 
tlitui f(»ur straight lines. 

11). An equilateral triangle is a triangle 
wliose tlinx> si<les are e<|uaL / 



20. An isosceles triangle is a triangle two 
of w'host? sides are tH|ual. 



21. A scalene triangle is a tnangle which 
tms three unequal sidea 
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22. A rifliVui^ triAngl# is a triangle 
which has a right angle. 

The side opposite to the right angle in a right^angUnl triangle is 
called the hjpoimkum, 

23. An obtnie-anglad triangle is a 

triangle which has an obtuse angle. 




24. An acnte>angl6d triangle in a triangle 
which has thrft acute anglea 


\ 




[It will be seen hereafter (ihx)k I. rrojwsition 17) that ertry 
triamjle muMt hare at least two acute 


25. Parallel straight lines i%nt nuch its, Uing iii the 
same plane, tlo not nK^et, however far they are pr<Hluce<l in 
either direction. 


2G. A Parallelograin is a four-sidiHi 
figurti which has its opjK>sit4* sides jmi 
rallel. 



27. A rectangle is a pfirallelogmiu w ldch 
luis one of its angles a right angle. 


1 


2S. A square is a four'Hid<3<l figure which 

has all its sides e<pial and all its angles right ; 1 

angles. | 


[It may easily he shewn that if a qua*lrilaU»ral 
has all its sides equal and one angle a right angle, 
then all its angles will be right anglei^.] 



J 


29. A rhombOB is a four sidf-d figure 
which has all its sides «H|ual, but its 
angles are not right angh?s. 



30. A trapexinni is a four-sided figure 
which has two of its sides parallel. 
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ON THE fN>»TULATE», 

In onler to effect the emutructinm iicccKMary to the wimly of 
geometry, it muHt be that certain iimtmmenta are 

available; but it luiH ahvava Uhui held tluit auch inatrumenta 
aluaild las tia few iii nuiiAasr, aial iih wimple in chiinuter aa 
jsoeaible. 

For the of the first Six a $ir(iufht nthr and 

a iMiir of conijMtsses are all that an* iitHscietl ; and in the follow- 
ing PostulAt^, or rtKpu.'sts, Kuelid demands the ums of siu h 
instrurnentH, and asHuiiies that they sufht*e, tluioretioally as well 
as practically, to carry out the processes mentioiusi la'^low. 


PoSTl LATK8. 


Ijit it las gmnt4*<l, 

1. That a straight lim* may Iw* drawn from any one 
|K)int to any other jKunt. 

When we draw a straight line from the |»oint A to the pt)int B, we 
att! said to Join AB. 

2. That a that is to say, a UuininaUsl straight 

line may jircKlucMsi to any length in that straight line, 

3. That a circle may Ik* descriU'd from any t^'iitn*, at 
any distan(*e from that centre, that is, with a ntdius equal 
to ajiy linite stmight line tirawn fnun the centre. 

It is im{>ortaiit to notices tlmt the FoMtulaU*» include no means of 
direrf wicoiMrcrm’wf ; hence tlie straight ruler is not «up|io»ed to be 
ffraduatrd ; and the coinpassoM, in accordance with Euclid’s use, are 
not to Ih» employed for frAiw/crriwf; dUUuices from one part of a figure 
to another. 


ON THE AXIOMS. 

The science of (nnimotry i.s iMised ujKui certain simplo state- 
monta, the truth of w'^hich is aasimied at the outset to be self- 
evident 

These self-evident truths, called by Euclid Notiom^ 

are now known as the Awiema. 



OENEHAL AKIOMti 


ehiiriirtA'n sties 4>f an AxiDtu aw 

(i ^ That it Hhotihl that is, Uuit its trutlv 

nliouhl U* inmitshaU^ly JU'o**j)tcHl without |»roof. 

(ii) That it KluaiUl ftimlamentnf : tliat that its truth 
should not l*e derivahlo from unv <»thor tnith iiioro Mtnolo than 
a.sc‘lf 

(iii) That it ahoukl Kupply a hasis for tlio e-Htahli«hineiit of 
furtJier trutlw. 

The^^e chAr-ict45ri«ticM nmy l»o aumnasl uj» in iho hvllowin^ 
definition. 

pKFiNrTioN. An Axiom m a «elf-cvidentirtith, which neither 
rtHjnirea nor in ra|Kih]o of proof, but which Mcrven a fmiiida- 
tion for future n*icsoiiini;. 

Axiorn« are <»f two kinds, tjenmxl and ffeomefrit^ttL 

(leneral Axioms apply to nf all Innh. (lOometn- 

rul Axioms refer ext lusively to tft itm* (rir>tl maijuitud^n^ such uh 
have Ixjcu already indicated in the detinitions, 

(Iknkiial Axiomh. 

1. Thin;'!! wliieli an? espial to the wimo thing an? espial 
to one* another. 

2. If ecjuals Im' ad<lod to ispiaU, the whf)leH arc? es|uaL 

o. if e*<|ual.s Is? taken from espial s the? reiuauidcuse am 

espial. 

4. If esiualn Im' addcsl to unes|uals th<’ wholeH an? un 
espial, the* gnsitc^r Kum Ihuii^ tlmt W'hieli include', s tiio grc'uUT 
(»f the? unc<|uals. 

f). It (siuahe be takem from unes|uals, tin? n*rnaindc»r« 
are unee|ual, the? gnsitc r reuuaindci* Ixung that which is h?ft 
fiXMn the grt?ater of the nnespials. 

C. Things which are doublej of tin? aaino thing, or 
of e<]ual ihingH, are? eepial to one another. 

7. Things wliicli are halve*s of the? same thing, or ot 
equal things, are ec|ual to one? another. 

9.^ The whole is greater than its part. * 

* To prcuerve the cUwiiication of general ftn4 geometrical aak>cn«, 
We have plaoed KucUd’e ninth axiom before the eighth* 
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BITCLIB’S BtBMBKTB. 


Ukomjbtrical Axiomii. 

8. Magiiitudeii which can Vie made to coincide with one 
another, are equal. 

Tlijji Aiiom affordu the ultimata teet of the equality of two f^ma* 
trical magnitudefi. It implieti that any line, angle, or 6gurc, may be 
aupjKjNHl to be taken up from iia })o»ition. and without change in 
eira or form, laid down upon a iMjcond line, angle, or figure, for the 
pur|K)ae of comparison. 

Tills process is called taperpoBtUon, and the first magnitude is 
said to be applied to the other. 

10. Two straight liiica cannot cnclos*! a sfwicc. 

1 1. All right angles are equal. 

[The statement that all right angles arc equal, admits of proof, 
and is therefore [Njrlu})s out of place as an Axiom.] 

12. If a straight liiu; nuH't two stnught !im« so as to 
juake the interior angles on one side of it together less 
than two right angles, these stmight lines will imn^t if con- 
tinually produc<Hl on the si<le on whieh are the angh^ wliich 
are together less than tw'o right angles. 

That is to say, if the two straight 
lines AB and CD arc met by the straight 
line EH at F and Q, in such a way that 
the angles BFQ, OOF are together less 
than two right angles, it is iisst'rkMi that 
AB and CD will meet if continually pn>- 
duced in the direction of B and D. 


[Axiom 12 luMi been objected to on the double ground tliat it cannot 
be considered self-evident, and ilmt its truth mav be deduced from 
simpler principles. It is employe*! for the first lime in the 2^th Pro- 
jKMution of Book I, where a short discussion of the difficulty will be 
found. 

The converse of this Axiom is proved in Book I. Proposition 17.] 
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INTROnUCTOUT. 


Plane Oeoineiry clcaU with the |»ro|)crtit*» of all ami 
fignren tliat may be drawn mmn a pliuie »urfatx», 

Euclid in his firat Six himHclf to tht* pntjx*rtiw 

of straight lines, rectilineal figurcH, and cindes. 

The DeHnitioiiM indicate the aubj€Hd-niAtt4*r of theM4* Itooks; 
the PostulateM and Axioms lay dt)wii the fundamental principli*^ 
which regulate all invcKtigation and argument relating t<» this 
subject- matter 

Kuclids method of ex}M>sitt<in tlivides the hubj<^’t inb) a 
numlfer of i»e|»amte dlHcuanioim, calknl proposltioxui ; i^a^'h pn»- 
{Miaition, thtmgh in one muimj c<uin>hU> in itself, is derivtsl mMii 
reaulta previoualy obbdiUHl, and itself leatls u[) to MuliHiH|umit 
}iro|MiHittonH. 

Pro|Kmitiotm are <if two kiiain, ProbltlDJI liiid ThROTRlIlt. 

A Problem propiseH to effect Hi»mo g^sunetrical o>nHtruction, 
Much as to draw some |iarticuhir line, or b) aiimtruct some ro 
ijuired figure. 

A Theorem proposes b> domoiistmte mune geometrical truth, 

A ProjKJsition amaista <»f Uic following i>arta : 

The General Enunciation, the Particular Enumdation, the 
Construction, and the Ihiinoimiration <»r Pn»of. 

(i) Tl>c (General Entmeiation is a nndiminary KtaUuneni, 
describing in general temm the puri>oHe of the projMmition. 

In a proidem the Enunciation states the e/rtwtniction which 
it is prD|io8e<l to effect: it therefore immes first the Data^ or 
things given, secondly the QlUMilta» or things re>c|uired. 

In a theorem the Enunciation states the which it 

is proposed to demonstrate : it luunes first, the Hypothaiia, or 
the conditions assumed ; secondly, the CkmcIllliO]l, <»r the asser- 
tion to be proved. 



10 


KCrCLlP'H ELKMEXm 


(ti) Tbe Ftfticnlar Brnmciation rejimbi in iemnn 

the almuly minle, and refen* it to a diuj^m, which 

crmblcH the reiwler in follow the miaotung more mmly. 

(iii) The Oomtmctioa then directa the drawing of such 
Hiraight lines and cin’len as may lie n‘C|!iirtsl t>ocfte<!t the |Mir|Ma*e 
of a prxiblem, <»r hi prove the truth of a th«.‘onmi. 

(iv) Tijistly, the Demonstration proves that the ohjwt pro^ 
in a prohhun luvs accoinphslusl, or that the projK*rty 

stiiteil in a theorem is true. 

Euclid’s reaiMiiiirig is iwiid to lie Deductive, l»ecauso hy a con- 
neoh'd chain of argument it deduces new tnitlm fnim truths 
alrciwly pnivtsi <ir 

The initial letters q. E. K., phu'isl at the eiid of a problem, 
stand for Quod erat Faciendum, tnt.i to fni done. 

The letters g. E. n. are ap|H»nded to a theorem, and shmd for 

Quod erat Demonstrandum, irfnrh w<t$ to In? proved. 

A Corollary is a statement the tnith of which follows reailily 
froiti an eshihlished projKisition ; it is theivfon? ap|Hn»l«l to llie 
pniiHwition ris an inference or dinluctitin, which usually rtspiires 
no further prrsif. 

'I'he following symUils and ahhnn'iations may ls‘ employcsl 
in writing out the pro|Misitions of PsHik I., though their um' is not 
recommended to Is^ginncrs, 

for thcn'fonj, paH {or ,) /or jvirallel, 

V „ is, or cHpml to, pjir* imrallelognim, 

• „ angle, mp ,, Hipian.*, 

rt. L „ right angle, ix*ctil. rcK-tilinetil, 

A „ trhuiglo, st line ,, straight line, 

jierju „ iierpeudicular, pt. isiint; 

and all ohvioiw coiitractioiis of wonls, such iis o[>p., iuij., diag., 
&c., for opjiosite, adjacent, diagonal, <&c. 
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SECTION I. 

l*KOI*0«mON 1. rKOtlLKM. 

I'o an eiiuilnt^^nd trimujU an a yiirt* 

^traajht line. 



0‘t AB In* th<* p\«*n Htrai^lil lin«*. 

It is tc* (IfMTtU* ttii tMiuilaUTal triuiigla on AB. 

VoHSiruciiim. From contro A, uitli raciiuK AB, tlowrilN* 
tho cirrlo BCD. lUmt, 3. 

Fnrni cvntrf* B, noliuH BA, di*M.‘riU* tlio cirrlo ACE. 

rant, 3. 

From tho jwiint C at >\liu'li tiu* laiilos <ut <»no anotln*r, 
draw tiu* stniight linos CA and CB to tin* jKdids A aiul B. 

I*oet. 1 . 

Tiion Hfiall ABC Ik* an CH|uilat<*ral trian^do. 

PtiMij. Itooauw* A is tho ooiitro of tin* i irrU* BCD, 

tlK*n’f<»rt* AC is o<jua} t<» AB. iJ*/. 1 1. 

Aiul iKH^auso B is tin* contn* of tin* circlo ACE, 

th<*n*fon* BC is o<|Unl to BA. ])ef. I 1. 

I^nt it 1ms }NH*n siio\%n that AC is <*<j[ual to AB ; 
thorefore AC and OC ani oaoli <mjuuI AB. 

Hut tliinp^ wliii li aw equal to the i%ame tiling are <H|ual 
to oi»e another. Ajt. 1, 

Therefore AC is (H|ual to BC. 

Therefore CA, AB, BC are equal to one another. 
Therefore the triangle ABC is equilateral ; 
and it is described ou the given straight line AB. q.K. f. 
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Proposition 2. Prorlrm^ 

Frotn a ^imn j/fmU to draw a straight line eqtutl to a 
gtren $trai(jht lim. 



I><‘t A ho the and BC the i^iveii stmij^ht line. 

It IK mjuiml to draw fr<»in the jK)iiit A a straight line 
<h]Uh 1 to BC. 

(.^onntrnrtion. Join AB ; Font. 1. 

and on AB descriU^ an iHjuilateral triangle DAB. l. 1. 
From <?entrt^ B, with nulius BC, divserils* the eirrie COM. 

' Poet. 3. 

Produce DB to incH»t the eircde COM at O. Ptffit. 2. 
From centre D, with nuiius DG, desc'rilK* the circle OKF. 

Produce DA U) iin^et the circle GKF at F. /W. 2. 
Then AF shall 1h^ et|ual to BC. 

Proof, liecause B is the I'cntrt^ of the circle CGH, 

themfore BC is equal to BG. lie/. 1 1 . 

And liecause D is the centre of the circle GKF, 

then^fore OF is <H{ual to DG ; Def 1 1 . 

and DA, DB, }*arts of them are equal ; I)e/ 1 9. 
therefore the nniiainder AF is (H|ual to the remainder BG. 

Ax. 3. 

And it has Ihhui sliewn that BC is «M]ual to BG ; 
therefore AF and BC are each equal to BG. 

But things which an' equal to the same thing are e<|ual 
to one another. Ax. 

Therefore AF is tKjual to BC ; 
and it has been drawn from Uie given point A, q. e. f. 

[This Proposition is rendered necefuiary by the restriction, tacitly 
imposed by Booiid, that compasses shall not be used to trantfer 
distanere.] 



h riior. 3. 
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pROrOSITlOK X PKCmLRM. 


From t/iS ^rmtrr of (im titmujhi Urns to rti/ off* a 

jmrt eqfutl to the tese. 



T/*t AB and C Ikj the two given straight of which 

AB is the gn^atcr. 

It is nK|uired to cut of!* from AB a }wirt (H|ual to C. 

Constrticiioo, From the point A (!riiw the straight line 
AO equal to C ; I. 2. 

and from centre A, with mdius AD, dejwrils*! the eirele DEF, 
meeting AB at E, Poet. 3. 

'Hien AE shall Im <H|ual to C. 


Proof, IltM’aust^ A is tlie centre f»f the circle DEF, 

therefort* AE is eipial to AD. Dfif. 1 1, 

But C is equal to AD. (\outtr. 

Therefore AE and C are each <^jual to AD. 
Then*fore AE is ecpial to C ; 
and it has l><H'n cut off* from the given straight lino AB. 

q.K.y 


EXERCISES. 

1. On a given straight line describe an isosceles triangle haring 
each of the equal tudes equal to a given straight line. 

2. On a given describe an isosceles triangle Imving each of 

the equal sides double of the base. s 

3. In the figw of i. 2, if AB is equal to BC. shew that D, the 
vertex of the equilateral triangle, will fall on the cireumierence of th« 
Ciruli CON. 
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Ohi, Every triangle Imii aix puts, tnunely it» three aides 
and three angles. 

1 wo triangles are aaid to be equal in all respecte, when 
they can Ijo rinuie to coincide with one another by $Hp^ rpimtion 
(aee noU? on Aiioui 8\ and in thin case each in%ti of the one is 
e<|iuil to a comtHjKHiding jmrt of the other. 


PllOPOBITION 4, ThEORKM. 

If two triangles have tim sides of the one equal to two 
sides of the. other^ each to each., and have also tlw angles 
cotUnined hy those, sides equal : then shall their bases or thiM 
sides be eqnaf ami the triangles shall be equal in ami,, ami 
their remaining angles shall he. equaf each to eachy tuimely 
thme to tahieh the equal sules are op/msite : tluit is to say^ the 
triangles shall be egual in all respects. 



ABC, DEF 1)0 two triangles, which Imxo the side AB 
equal to the side OE, the side AC equal to the side DF, and 
the contained angle BAC equal to the contained angle EOF, 
Then shall the l»ise BC 1 r^ f^jual to the base EF, and the 
triangle ABC shall Is* e<|ual to the triangle DEF in aia*a; 
and the remaining angles shall lx* (H|ual, each to each, to 
w'hicli the cH^nal sides ai^* op|X)site, 

namely the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 

For if the triangle ABC Vkj applir^l to the triangle DEF, 
so that the punt A may lie on the point O, 
and the straight line AB along the stmight line DE, 

then iM'canse AB is e<iual to DE, Jfyp* 

Uierefore the p)int B must coincide with tlm point E, 
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And becBUBe AS falls along OE, 
and tho angle SAC is equal to the angle EDF, 
therefore AC must fall along DF. 

And l>ecaus<^ AC is equal to DF, if yp' 

ihen?fore the f>oint C must coincide with the |>oint F. 
Then 8 coinciding with E, and C w ith F, 
the base BC must coincide with the EF ; 
for if not, two straight linens would enclose a sj^ace ; which 
is impossible. Ax, 10, 

Tims tlie liase BC coincides with the IwiM' EF, and is 
therf»fore equal to it. Ax, 8. 

And the triangle ABC coincides with the triangle OEF, 
and is therefort' tHjual to it in ar«*a. Ax. 8. 

And the remaining angles <jf the one coiinidc w ith the rt?- 
maining angles of the other, ami are therefore iMjual th«*in, 
namely, the angle ABC U> the angh' DEF, 
and the angle ACB to the angle DFE. 

That is, the triangles are e<|ual in all res|M‘ctK. q. K. i>. 

Notb. It follows that two triangles which are njual in their 
several jsirts an* equal al<w) in arm ; but it should W obst^ro’d that 
iHjuality of area in tw«i triangles d<ws not lutM^ssaril v ini|»W t^juality in 
th«^ several |iarts: that is to say, triangles may U» equal in arm, 
witnout being of the same $hap*, 

Tw’o triangKis which are equal in all resisjcis have idmtitij of form 
and magnitude, and are therefore said to be IdttnUeBlly squid, or 
ooagrusnt. 


The following ap[>ii<*ation of ProfKmitioii 4 antici]»ates 
the chief ditlieulty of Prt*|K>.sition 5. 


In the equal sides AB. AC of an isoserdes triangle 
ABC, the t»ointi) X and Y are taken, so tliat AX 
is e<(ual to AY ; and BY and CX are joined. 

Bhew tliat BY is equal to CX. 

In the two triangles XAC, YAB, 

XA is <Hjual to YA, and AC is e<]ual to AB ; //yp. 
that is, the two sides XA, AC are equal to the two 
sidiw YA, AB, each to each; 
and the angle at A, whi(*h is contained by these 
aides, is common to both triangles ; 
therefore the triangles are equal in all respects ; 
so that XC is equal to YB, 


A 



1 . 4 . 
0. a. h. 
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KUCLtD*8 ELEJIEKTH. 


PROPCMIITIOS 5. ThKUKKIC. 

The. awjlei at the hone of an iemceles truinefle art equal 
to one another; and \f the equal $idee be produced^ tits 
anglet on the other side of tiui base eluUl also l>t equal to ot%s 
another. 


A 



ABC Ix^ an isioscoleR triangle, liaving the side AB 
ei|ual to tlie side AC, and let the straight lines AB, AC l>e 
pnxliictxl to D an<l E : 

then shall the angle ABC \yo equal to the angle ACB, 
and the angle CBD to the angle BCE. ^ 

(Jomt ruction. In BD Uike any point E ; 
and from AE the greater «mt off AG iHjual to AF the less. i. 3. 
Join FC, GB. 

Proif, Then in the triangles FAC, GAB, 

! FA is equal to GA, Constr, 

and AC i.s equal to AB, J/yp. 

also the contained angle at A is common to the 
two triangles ; 

therefore the triangle FAC is equal to the triangle GAB in 
all re8j>ects ; l. 4. 

that is, the base FC is equal to the Isise GB, 
and the angle ACF is equal to the angle ABO, 
also the angle AFC is e<|ual to the angle AQB. 

Again, because the whole AF is equal to the whole AO, 
of which the parts AB, AC are equal, 
therefore the remainder BF is equal to t^mainder CQ. 
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Then in the two triiuiglps BFC, COB, 

1 BF in ^ua! to CO, ProrntL 

and FC is iMjual to OB, Prtmd, 

alno tho crontained ani’le BFC in <H|ual to the 
c<mtainc*<l nnj^lo COB, /Vavc/. 

thendore 1 !k? trinn^dps BFC, COB an* «Hjual in all ; 

»o that the angle FBC is (H|ual t4i ilie angle QCB, 

and the angle BCF to the angle CBO. l. 4. 

Now it has l)CH‘n shewn that the whole angle ABO is <‘<juhI 
to the whole angle ACF, 

and that [Wirta of them*, namely the angles CBO, BCF, an' 
also eijual ; 

thereff>re the remaining angle ABC is <H{ual to the rtnimin' 
ing angle ACB ; 

and them* are the angh*s at the Iwise rd the triangle ABC. 
Also it has l>e<ni shewn that the angle FBC is eijual to the 
angle QCB ; 

and them* are the angU*s on the other side of the Isim*. v.K.l>. 

r<»RoiXAHY. lltncf. ff a triangle i$ egui/ateral it in 
also e(pi\an*jtdaT. 


KXKIKISliH. 


1. AB i» a givt‘11 Htrai^ht line and C agiv>n |>eint ouUith* it : ulu^w 
how to find any miintai in AB »nch that tlodr di»ktanr<! fr«)rf> C shall U" 
tqmd to a given ieiigtfi L, (.'an such ]H>}nU always Ik? found 1 

2. If the vertex C arnl one extremity A of the Iwow^ of an isoacelrs 
triangle are given, find th*: other extremity B, »np|M»iing it to lie on a 
given straight line PQ. 

3. I>escribe a rhomhus having given two opj»oait« angular fKiiiits 
A and C, and the length of each side. 

4. AMNB is a straight line ; on AB deserihe a triangle ABC such 
that the aide AC sliall be equal to AN and the side BC to l^B. 

6. In Prop. 2 the point A may l>c joined to €iiher extrrmity of BC. 
Draw the figure and prove the propoaitton in the case w hen A js joined 
to C. 


u. n. 


2 
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mVCLW*9 KtEVKlfTt. 


ThA following proof is Aometimct given m a eabotitiite for the find 
pert of Propoeitum 5 : 

PKOPOgITIOIf 6. Alternativk Pboof. 



U’t ABC an iaoecelee triangle, having AB equal to AC : 
then nhall the angle ABC he equal to the angle ACB. 

Sa|q>o»o the triangle ABC to be taken up, turnetl over and laid doivii 
again in the ponition A B'C', where A'B', A'C’, B‘C' repreaont the 
new poaitioit8 of AB, AC, BC, 

Then A'B' ia equal to A'C' ; and A'B' is AB in ita new poaition, 
therefore AB i» equal to A'C' ; 
in the aanif way AC la equal to A'B' , 
and the included angle BAC U equal to the included angle C'A'B', for 
they are the aame angle in different iKwiitioua ; 
thereioro the triangle ABC in equal to the triangle A'C'B' in all reipecta : 

NO that the angle ABu ia e<}tial to the angle A'C'B'. i. 4. 

But the angle A'C'B' is the angle ACB in its new position ; 
therefore the angle ABC is equal to the angle ACB. 


iOCEJRCISES. 

ClURFLY ON PBOrOSITIONS 4 AND 6. 

1. Two circles have the same centre O ; OAD and OBC are straight 
linea drawn to cot the smaller circle in A and B and the larger circle 
in D and E : prove that 

(i) ADx^BE. (it) DB^EA. 

(iii) The angle DAB is equal to the angle EBA, 

(iv) The angle OOB is equal to the angle OEA. 

2 . ABCD is a square, and L, M, and N are the middle pointa of 
AB, BC, and CO : prove that 

(i) LMrrMN. (ii) AM::: DM. 

(iii) AN»:AM. (iv) BH»OM. 

[Diaw a aeparata figure in each case]. 
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8. C it tbe centre of a circle and OA» OB are radii ; OM dif tdaa 
the angle AOB into two equal paita and cnta the line AB in M : proT* 
that AMs:: BM. 

4. ABC, OBC are two itoacelet trUnglea deacrilttnl on the aame 
Itaae BC but on oiqioeite aides of it ; prove that the angle ABO ia 
e()nal to the angle ACO. 

5. ABC, OBC are two iaoseelea triangles deSLTilxHl on the sama 
l>a»e BC, but on opjxmite «ide» of it prove that if AO l>e j(»ined, each 
of the angles BAG, BOC will bo divided into two equal {Mirta. 

6. PQR, SQR are two isioscel<*s triangles descriWd on the aama 
base QR, and on the aanie sidi of it : shew that the angle PQS ia 
e<iual to the angle PRS, and that the line PS divides the angle 
QPR into two equal parta. 

7. If in the figure of Exercise 6 the line AO meets BC in E, prova 
that BE EC. 

S. ABCD is a rhombus and AC in joined ; prove that the angl# 
DAB ia equal to the angle DCS. 

9. ABCD is a quadrilateral having the ojqtosite sides BC, AD 
efiual, and also the angle BCD equal to tlie angle ADC : prove that 
BD is equal to AC. 

10. AB, AC are the enual sides of an isosceles triangle ; L, M, N 
are the middle points of AB, BC, and CA res]Htctivfly ; prove that 
LM==MN. 

Prove also that the angle ALM is equal to the angle ANM. 

Definition, Each of two Thconjiim is said to be the CoB* 
V6rS6 of the other, when the hyiJothesis of each is the coricJusion 
of the other. 

It will be seen, on comparing the hy}K>thcjfes and conclusions of 
Props. 5 and 6, that each proposition ui the converse of the other. 

Note. Proposition 6 fumtahes the first instanc^e of an indjrfd 
ynethod of vroif, frequently used by Kurlid. It consists in shewing 
that an atisurdity must result from supjiosing the tlieorem to be 
otherwise than true. This fonn of demonstration is known as the 
Beduetio ad AbeurdEBi, and is nKwt commonly employed in establish* 
iug the converse of some foregoing theorem. 

It must not be sappoa»d that the converse of a tniestheoreia ia 
itself neceasarily true : for instance, it will \» seen from Prop. 8, Cor. 
that if two triangles have their sides equal, ea<dt to each, tnen their 
angles will also be equal, each each ; but it may easily be shewn by 
means of a figure that the eonveree of this theorem Is not nrrmmiilj 
true. 


2 " 2 



IS 


ECCUD’s ELEMBfm. 


PeOI*081T10N 6. Tuborkh. 

Jf two angles of a triatigle Ite tqwd to one atwtAer^ then 
the tides aim whieh suhtend, or are opjxmte to, the eqiud 
angles, sludl be eqtml Ut one another. 


A 



B O 


lift ABC Im* a triangle, having the angle ABC equal to 
the angle ACB : 

then shall the side AC l)e equal to the side AB. 

Constnictom. For if AC lx* not equal to AB, 

<uie of tliein must Ik* gn'aU'r than the other. 

If fXKSsihle, let AB l»e the grf*ater ; 
and from it cut oti' BD e4}ual to AC. I. 3. 

Join DC. 

Proof Then in the triangles DBC. ACB, 

DB is equal to AC, Constr, 

and BC is coiiinion to lK)th, 
also the wntjiined angle DBC is c<|ual to the 
containtnl angle ACB ; 
therefort^ the tiiangle DBC is cH|ual in area to tiie triangle 
ACB, I. i. 

the part equal to the wliole ; which is absurd. Ax. 9. 

Tlierefore AB is not unequal to AC ; 

that is, AB is equal to AC. Q.E.D. 

Corolla RV. Hence \f a triangle is equiangular it is 
aim equilateral. 
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PilOPOfllTlON 7. TflKOHKM. 

On the mtm ham^ and on th^ mnus »ide of it^ there 
cannot be two trian^lcM haring their mdee which are termi- 
nated at one extretnity of the bam equal to one amUlier, atul 
likewim thorn uhich are tertnitmtea at the other ejt*trmnity 
equal to one another. 



If it 1)0 j>aRiiihlo, on the Raino Iwiw^ AB, and on tlm Wiiiio 
Rule of it, let there lie two triangU*H ACB, ADB, having their 
Rides AC, AD, which are teriiiinat(*tl at A, ec|Urtl to one 
another, and likewia <5 their aides BC, BD, which are tenni- 
nated at B, equal to one another. 

Cask I. When the vertex of each triangle is without 
the otJier triangle, 

Conetruciiofi, Join CD. Poet, 1. 

Proof Then in the triangle ACD, 

l)ecause AC is e<|ual to AD, 

thcnjfore the angle ACD is f^jual U> the angle ADC. I. 5. 
Put the whole angle ACD is grmUT than its part, the 
angle BCD, 

therefore also tlu? angle ADC is greater than the angle BCD ; 
still more then is the angle BDC grffat<?r than the aiighs 

BCD. 

Again, in the triangle BCD, « 
because BC is equal to BD, 

therefore the angle BDC is equal to the angle BCD : i. 5 

but it was shewn to be greater ; which is impossible. 
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Ca«k H. VV1u?»» one of the veriict?», aa D, i« within 
the oilier trinngle ACB, 



Co7istniction. As l>efore, join CD ; Pm(. 1. 

and prfKluce AC, AO to E and F. /W. 2. 

Then in the triangle ACD, Ixvause AC is <x|ual to AD, /////>. 
then'fon^ the angles ECD, FDC, on the other side of the 
Iwise, an^ equal Ut one another. I. 5. 

But the angle ECD is gn‘ater than its |«irt, the angle BCD; 
therefore the angle FDC is also gn?ater than the ajigle 
BCD: 

still more tlien is the angle BDC gre^iter than the angle 
BCD. 

Again, in the triangle BCD, 
iK'cause BC is tM|ual to BD, 

tlierehirv tlie angle BDC is e<|Ual to the angle BCD : I. 5. 
hut it has l>een shewn to he grt^ater ; which is imjKmihle. 

The case in which the vertex of one triangle is on a 
side of the oth(»r nmls no demonstration. 

Therefoiv AC cannot 1 h' equal to AD, and <i( (Jte miM 
BC equal to BD. Q.E.D. 

Note. The mdt»« AC, AD are called contarmUioas sides ; Bimllarly 
the Bides BC, BD are contermiDoun. 

Pkoposition 8. Thkorem. 

// tus) teia7igle» /wiiv? tuv mdtis of 0i€ one eqxml to tuyD 
m(if3 of the othi^r^ each to mcA, and hnrc lHewise their baee^f 
eqnaly then the antfle which ie contaimd by the tuv eides of 
the (me nkall he equal to the angle which ie contained by 
the two eidee of tfte other. 
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Ijet ABC, DEF hi) two tnaiiglcH, Imvmg the two 
BA, AC equal to the two iiido« ED, OF, tmeh to wich, namely 
BA to ED, and AC to DF, and also the l)aS4^ BC ocjual t^) the 

\vm* EF: 

then hIiuII the angle BAC Ix' f*4|ual to the angle EOF. 

Prtxi/. For if the triangle ABC uppliinl to the 
triangle DEF, so that the jwiint B may l)e on E, and the 
htraiglit line BC along EF ; 

then Ixfcaius^^* BC is e<pial to EF, 
therefore the |>oint C must coincide with the jK»int F. 

Then, BC coinciding with EF, 
it f<dlow.H tlmt BA and AC inust coijicido with ED and DF : 
for if not, they would have a ditferent situation, as EG, GF: 
then, on the same Iwise ami on tl»e same side of it thert^ 
would two triangles having their eontf^nniiums sid«*s 
equal. 

But this is im|>c»Hsible. i. 7. 

Therefore the sides BA, AC coinei<Ie with the sides ED, DF. 
Tliat is, the angle BAC coincides with the angle EDF, and is 
tlierefore equal to it -lx. H, 

Q. K. n. 

Notk. In this Proposition Uie thm* of one trUriKlo arc 

Kiven ^ual reKpc-ctively to the thm* siilei* of the other; and from 
this it i» shewn tliat the two trianglea may be made to emnettU; with 
one another- 

lienoe we are kd to the following im{>ortaut Corollary. 

COROLLAHY. If in iwo triarujleM ike three ndejt of the 
one are eqtml to the three $idtm of tlm oilier^ mrh fo 
then the trian^lee are eefual in all rewjiertM, 
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The fotlowitiK proof of Prop. B U worthy of attention as it in inde* 
pendent of Prop. 7, which fre4|tiently presents dilfioulty to a beginner. 


Proposition 8. Alternative Proof. 


A 



B 


ABC and DEF )m' two trinngh'w, wlucli have the Hides BA, AC 
equal iVHiH‘ctively to the sides ED, DF, and the base BC equal to the 
ham; EF : 

then shall the angle BAC be equal to the angle EOF. 

For api)ly the triangle ABC to the triangle DEF, ho that B may 
fall on E. and BC along EF, and so tlmi the point A may be on the 
side of EF remote from D, 

then C muHt fall on F, since BC is equal to EF. 

Let A'EF Ih' the new )K>Hition of the triangle ABC. 

If neither DF, FA' nor DE, EA' are in one straight line, 
join DA'. 

('ahk I. When DA' intersects EF. 

Then because ED is et|ual to EA', 

UH?i*eforo the angle EDA' is equal to the angle EA'D. x. 5. 

Again l»ecau»e FD i.n e<iunl to FA', 
therefore tlie angle FDA' is e<|ual to the angle FA'D. i. 6. 

Hence the whole angle EDF is equal to the whole angle EA'F ; 

Uiat is, the angle EDF is e<|ual to the angle BAC. 

Two oases remain which may l>e dealt with in a similar manner: 
irainely, 

Cask II. When DA' meets EF produced. 

CAine III. Wlxen oiie pair of aides, as DF, FA', are in one straighi 
line. 




PfiOFOstnoM 9 * Probliii. 


To Hseci a ffipen angis^ that uty to divide it into tuo equal 
fiarte. 


A 



I>*t BAG lie the j^iven 
it \h ntMjuired U> hiHc^'t it. 


CoustruHion, In AB take any piint O; 

and fmrn AC out off AE f^|ual to AO. i. 3. 

•loin D£; 

and on DE, on the aide rtniiote fmni A, doiHorilMi an o<|ui- 
lateral triangle DEF. I. 1 . 

•loin AF. 

Then Khali the «trai;jht line AF hiwHrt the an^^le BAG. 


Proof. For in tlu^ two triaii|4leH OAF, EAF^ 

( DA in iMiual to EA» Voiuttr. 

and AF in coiiinion to lioth ; 
and the third aide OF in ecjual to the third »ide 
EF; Def 10. 

therefore the an^le OAF is e«|uii! to the angle EAF. l. H. 
Therfdore the given angle BAG is hiweUHl by the Ktniight 
line AF. g.K.F. 


KXKB€I 8 Ea. 

1, If in the alKive the equilaU^ral triangle DFE we^c^ <h*- 

Hc^ribed on the Kame «kJc of OE ai* A, what cliffertnl eaiM'S would ariwj? 

And undcT what arcumatanoea would the oonetruciion fail? 

« 

2. In the aame figure, shew that AF alao biaeeis the angle DFE. 

8. Oiride an angle into four equal parts. 
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Peopositioji 1 0. Peoelkm. 

To bisect a grivm finiis straight lim^ tfuii w, to divide it 
into two etpial f>arts. 



I/*t AB l)e tho givon Rtrai^ht line : 
it iH m|uir<Hl to divide it inU> two equal parts. 

CotiMtr, On AB dc^scrilM^ an equilateral triangle ABC, I. 1. 
and hiwH't the angle ACB by the straight line CO, unhiding 
AB at 0. I. 9. 

TIh'U shall AB 1 h? bi»cH‘t<sl at the f)oint D. 

For in the triangles ACD, BCD, 

! AC is equal to BC, ID. 

and CO is c<»innion to l)oth ; 
also the eontaiiied angle ACD is <Hjual to the con 
laim*d angle BCD; Consir. 

Thendore the triangles are equal in all respects: 
so that the base AO is t?i|ual to the BO, I. 4. 
Thertdow the straight line AB is biwcttnl at the point O. 

q. K. F. 


KXKIIOISKS. 

1. Shew that the straight line which bisects the %*eilic4il angle of 
an taoiiceles triangle, also bisects the base, 

2, On a given l)asc describe an isosceles* triangle such Umt the 
S\m of its ei|ual sides may be equal to a given straight line. 



PeOHNUTIOH 1 1 . pROBLEII. 


To draw a $trmght lim at ru^ht angloi to a ^iven irfmtyAl 
/inif, from a ffiven paint in tho oamo. 



Lft AB lie the given straight line, and C the given 
jK>int in it 

It is required to draw front the [toiiii C a straiglit line 
at right angles to AB. 

CafUitnictian, In AC take any fioint D, 

and from CB cut off CE equal to CD. i. 3. 

On OE descrilie the equilateral triangle DFE. 1. 1. 

Join CF. 

Then shall the stmight line CF at right angles to AB. 

Proof, For in the triangles DCF, ECF, 

[ DC is equal to EC, Coruntr. 

j. ^ and CF is common to l>oth ; 

•cause * third side OF is equal to the third side 

( EF: DfA^, 

Therefore the angle DCF is equal to the aitgle ECF: I. 
and th#*se arr^ adjactuit angles. 

But 'alien a straight line, sUinding on another straight 
line, makes the adjacent angles equal to one another, imrIi 
of these angles is called a right angle; 7. 

thereforf^ each of the angles DCF, ECF is a right angle. 
Therf!fore CF is at right anglt^j to AB, 
and has been drawn frmn a point C in it, q.k r. 

XXKRaSK. ^ 

In the figure of the above proposition, nh^ w that any point in 
FC, or FC produced, is equidistant from D and C. 
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Paopo«moK 12. Peoblkm. 

To draw a $iraighi lino perpendicular to a given oiraighi 
line of unlimited lengthy from a given point without it, 

C 



Tjfit AB Iw the given straight lino, wliich may be pro- 
duced in either direction, and let C be the given point with- 
out it. 

It is recjuinHl to draw from the j>oint C a straight line 
j:Karp<uulicular to AB. 

Conetmiction, On the side of AB remote from C take 
any j>oint 0; 

and from i*entrf» C, with radius CD, descriU^ the circle FDQ, 
inei*ting AB at F and O. Poet, 3. 

Bis4‘ct FQ at H ; I. 10. 

and join CH. 

Then shall the straight line CH U? pf?rfM»ndicular to AB. 
Join CF and CO. 

Pnnf. Then in the triangles FHC, GHC, 

! FH is eijual to OH, Coyvstr, 

and HC is cominon to l»oth ; 
and tlie third side CF is e<]ual to the third side 
CO, Ix'ing nidii of the circle FOG ; Def 11. 
thendon? the angle CHF is e<jual to the angh* CHO; l. H. 

and thcM* nw adjacent angh*s. 

But when a straight line, standing on another straight 
line, makes the a<lia<‘ent angles <x]ual to one another, each 
of these angles is called a right angle, and the straight line 
which stands on the other is calh»d a |>erpendicular to it. 

Therefore CH is a p'rp<?ndicular dnvwn to the given 
straight line AB fnuu the given point C without it. E.r. 

Notb. The given straight line AB must be of unlimited leng^, 
that is, it must be capable of production to an indehnite length in 
either direction, to ensure its l^ng intersected in two points by the 
circle FDG. 
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KXEftClUKS OH PROPOStTIOini 1 TO 12 . 

1. Shew ihal the fttimight line which joins the rertex of nn 
isoacekc tmngle to the middle point of the beee is perpendictiUr 
to the baee. 

2. Shew thmi the einught linee which join the extremitiee of the 
belie of an isoeoekw Iriazigle to Uie middle points of tlie opposite iidee, 
are equal to one another. 

8. Two given points in the base of an isosceliMi triangle are equi* 
distant from the extremities of the base : shew that tliey arc also equi- 
ilUtant from the vertex. 

4. If the opposite aides of a quadrilateral are (M}ual| sliew tliat the 
opposite angles are also equal. 

5. Jiny two tsoaoides triangU^ XAB, YA6 stand on the same \mm 
AB: shew tliat the angle XAY is equal to the angle XBY ; and that 
tlm angle AXY is eijual to the angle BXY. 

6. Shew that the opposite angles of a rhombus are biM^ctCMl by the 
diagonal which joins them. 

7. Shew that the straight lines which bisect ilu^ base angles of an 
isusoeles triangle form with the base a triangle which is also tsoscudes, 

H. ABC is an isosceles triangle having AB equal to AC; and the 
ungles at B and C are biiex^U^d by straight lines which me<*t at O : 
shew tliat OA bisects the angle BAC. 

9. Shew that the triangle fonned by joining the middle points of 
the sides of an equilateral triangle is also equilateral. 

10. Tlie equal side* BA, CA of an isosceles triangle BAC are pr*>- 
duoed beyond the vertex A to the iKnnts E and T. so that AE is et|ual 
Ui AF; and FB, EC are joined : shew that F6 is tH|ual to EC. 

11. Shew that the diagonals of a rhombus bisect one another at 
right angles. 

12. In the equal sides AB, AC of an isosceles triangle ABC two 
points X and Y are taken, so tliat AX is equal to AY ; and CX and BY 
are drawn intersecting in O : shew that 

(i) the triangle BOC is isosetdes; 

^ii) AO bisects the vertical angle BAC ; 

^iii) AO, if produced, biaeeta BC at right angles. 

13. Describe an isoscelea triangle, having given tlie base and the 
length of the perpendicular drawn from the vertex to the base. 

14. In a given atrmight line find a point that ie equidistant fiom 

two given poinU. ^ 

In what oaie is this impoeeUde? 



%V€hW*n ZhRMMSm. 


PnoposmoK 13. Thkorrm. 

If oim Btrai^ht Um $tand upon another $traigJu Une^ 
tl^i the a^ijacent auifUs tlioll be either two right angle* ^ or 
together egual to ittx) right angles. 

A C A 


L<*t the stmiKht lino AB stand upon tlio straight line DC: 
then the a<ljacent angles DBA, ADC shall l>e either two right 
angles, or together <Hj[ual to two right tingles. 

C\HK I. For if the angle DBA is equal to the angle ABC, 
eiu*)i of them is a right angle. I)f/. 7. 

(/Vbk 11. But if the angle DBA is not equal to the 
angle ABC, 

from B draw BE at right angh^ to CD. I. 11. 
PriHi/. Now the angle DBA is made up of the two 
angles DBE, EBA ; 

to each of these ec]Uals luld the angle ABC; 
then the two angles DBA, ABC nrr togetlier e<|ual to the 
tlm^e angles DBE, EBA, ABC. Ax. 2. 

AgJiin, the angle EBC is made up of the two angles EBA, 
ABC; 

to cvudi of these equals juld the angle DBE, 

Then the two angles DBE, EBC are together equal to the 
throe angles DBE, EBA, ABC. Ax. 2. 

But the two angles DBA, ABC have been shewn to be equal 
to the same three angles ; 

tlierefoi'e the angles DBA, ABC are together equal to the 
angles DBE, EBC. Ax. 1. 

But the angles DBE, EBC are two right angles ; ConMr. 
therefore the angles DBA, ABC are together equal to two 
right angles. q. u. D. 


iic>oit t i*Ror. 
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DKFINITIOXa 

(i) The complement <»f im Iicutc Hriti;U* in iin fnm 
,i right ai)gh% U*ut i-s ^ho iuigltj hy uhich it falU «luirt of a right 
angle. 

Thiw two angloH an^ complementary, when their num »« a 
right angle, 

(ii) The supplement of an angle i« it» tU/nt from tw'o right 
aiigleH, tluit iH, the angle hy which it fallh nhort of two right 
ajiglea, 

Tluw two angl<‘« are supplementary, w hen their muhi Im two 
right aiiglcM, 

Corolla lev. trhu'h ar** rom^^*nirttt*irii/ or mtirjilt'- 

mentary to the mme amjle are e^/ual to one another. 


KXKHCISI*:^. 

1. If the two exterior angU*s formed hy producing a i»ide of a tri- 
ungle lioth wayH are e4|uah Khew that the triangle in iiu»aci!lei«. 

2. The hi^eetftrt of the atljarent anffUt wUoih one etraitjht line 
maket vrith another contain a ri^hl aniiU. 

Notk. In the adjoining figure AOB 
iH a given angle; and one of ita armti AO 
in produced to C: the iwijacent angles 
AOB, BOCiare bisect<4 hy OX, OY. 

Then OX and OY are rallM respect- 
ively the latemal and external blaeotors 
of the angle AOB. 

Hence Exercise 2 may be thna enunciated : 

The fwlemaf and ejiternal hieectore of an angle are at right anglet 
to one another. 

a 

3. Shew that the angles AOX and COY are complementary. 

4. Shew that the angles BOX and COX are supplmneotary; and 
also that the angles AOY and BOY are supplemeiitaiy. 
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KtTCLri>*ll KLEMKNTa 


Proposition 14. Theorem. 

J/^ at a point in a Hraifjkt line^ two other straight line$^ 
on oj^posito fifieg of ily $nak€ il%e arijacent amjltM togrtlkftr 
rqual to two right angleHy Own Owm two straight Hnrg shall 
be in one arui the muw straight live. 



At the B ia ilio straight liua AB, h‘t tlie two 

straight linos BC, BO, on tho o[>[K>sito sidos of AB, itiako 
the a<(jivcont angles ABC, ABO togotlior o<jiial to two right 
angloii : 

then BO shall 1 m* in the same straight line with BC. 
Proof For if BO lx* not in tho sjiine straiglit line with BC, 
if jK)SKihle, lot BE Ixi in the Sfiine straight line with BC. 
Then Uraust* AB nufota the straight line CBE, 
ihert^forts the adjaoent angles CBA, ABE ai*e together equal 
to two right angles. i, 13. 

Put the angles CBA, ABO arc* alsti together e<jual to two 
right angles. 

Tlierefore the angles CBA, ABE are U>gether e<|ual to the 
angles CBA, ABO. Ajr, 11. 

From each of thesi? equals take the eonimon angle CBA; 
then the nunaining angle ABE is equal to tho ramaining angle 
ABO; tho part equal U) the whole; wdiich is imfx>ssible. 
Therefoi'o BE is not in the same straight line with BC. 
And in the same way it may l>o shewn that no other 
line but BO can l>e in the same straight line wnth BC. 

Therefore BO is in the same straight line wdth BC. Q.E.f>. 

EXERCISE. 

ABCD is s rhombus; and the diagonal AC is bisected at O. If O 
is joined to the angular points B and D ; shew that OB and 00 are 
in one straight line. 


HOOK L PROP. 15, 
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C)hi. When two straight line!? at a four 

angle** are forrntHl; and any tw'o of iheao anglm frAo A ori» Hnt 
are aaul to l*e Tarticalljr 0 pp 0 Sit 6 ti» oih.^ another. 


Pkopositiox If), Tmkorkm. 

I/two stmighl inlergect on/: another, Uten the rerf uvi/Zy 

opfHmie angU^ »hall be equal. 



lA*i the »two straight lines AB, CD cut one anoth«*r at 
the jKiint E: 

then shall tlie angle AEC lx* <‘<|ual to tin* angh^ DEB, 
fitnl the angle CEB U* the angle AED 
PtiHif. Ih*cau8<? AE luakeH with CD the iuljaeeiit angles 

CEA, AED, 

therefore angles an* t-r>geiher e<jual to two right 

angU*8. I. 1*1. 

Agjvin, l)ecaus<^ DE makes with AB the adja<H*ni angles AED, 
DEB, 

tln^refore tlu*s<^ also are together «H|ual to two right angles. 
Therefore the angh?s CEA, AED are tog<‘ther equal to tlie 
angles AED, DEB. 

From each of tliese equals take the common angle AED; 
then the remaining angle CEA is <*qual to the nuaaining 
angle DEB. Jr. 5. 

In a similar way it may Ik* shewn that the angle CEB 
is equal to the angle AED. q, K, D. 

Corollary 1. From this it is mani/f^st (hat, if Um 
straight lines cut one another, the angles which iheg nuike 
at Use poiiU where tftey cut, are togeU^r equal to four rigfU 
angles^ 

Corollary 2. Cons/quenlly, when any numb^ of straight 
lines meet at a point, tlse mm of i/te afigles made by amr 
secfitive lines is equal to four rigJu angles. 


fT »» 
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nvchw^n KLiEHXstm 


Pkoi*o«itiok 16. Theorem. 

// om iddfi of a trifin^le he jmMluced^ (lien the exteriipr angle 
$hall greater titan either of the iyUerior oppomte amjlee. 



Ij«*t ABC Ik? a trianglo, and let one Hide BC W producinl 
to D : IImmi kUhII the ex tenor anjifle ACD Im» ^nviter tlian 
f either of the interior o|)|>oHite angles CBA, BAC. 

(hmetnirfian, BisfH't AC nt E : I, 1 0. 

Join BE ; and j»ro<luee it to F, making EF o<jual to BE. I. 3. 

Join FC. 

Prutf Then in the triangles AEB, CEF, 

AE is tH[ual to CE, Comtr, 

p ^ and EB to EF ; Conefr, 

H'cause angle AEB is equal to the vertically 

opjKwite angle CEF ; 1. 15. 

theirfore tht^ triangle AEB is equal to tin* triangle CEF in 
all ms|H»ctH : I, 4. 

fio that the angle BAE is iH]uai to the angle ECF. 

But the angle ECD is gnsUer than its [iart, the angle ECF; 
therefoiv the angle ECO is greater than the angle BAE; 

that is, the angle ACD is greater than the angle BAC. 

Tn a similar way, if BC l)e bisi*cted, and the side AC 
produi^tnl to Q, it may l)e shewn that the angle BCG is 
grc«iter than the angle ABC. 

But the angle BCG is equal to the angle ACD : l. 1 5. 
therefore also the angle ACO is greater than the angle ABC. 

Q.E.0. 
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PROKwmojr 17 . Tiikorkm. 


Any two an*jh$ of a iriawjU ar^ toyeiher kst (/um two 
right angles. 



I>^t ABC a tnan^lo : th<*n Khali any two of ilK lui^^leK, m 
ABC, ACB, 1m 5 t<ij^‘thor U*ks than two right angh*K. 

C opottruction, Pnxluoe the Kitlo BC U> O. 

Proof. Then l»ec'auii« ACD in an ext4?rior angle of the 
triangle ABC, 

therefore it in gn»a(<*r than the inU^rior opjHjaiUs angle 
ABC. I. 10. 

To eaeh of theKi* add the angle ACB : 
then the angles ACD, ACB anj Uigt^ther griMiti^r than the 
angles ABC, ACB. Ax. 4. 

Hut the mljivcent angles ACO, ACB nvo togetlier ei|ual to 
two riglit angles. 1. 13. 

Therf'fort^ tlie angles ABC, ACB are together h*sfi than two 
right angles. 

Similarly it may lx* shewn that the angles BAC, ACB, a« 
also tho angles CAB, ABC, an^ together less than two right 
angles. q. k. ij. 


Notk. II follows from this Pro|»osition that ertry tnatffiU must 
hai'€ at taro avxttt angU$ : for if t>ne aii(;U; is ohlUNt\ or a right 

angle, each of Ute other angles must be less than a right augh*. 


EXERCISES. 

1. Enunciate Uiis Proposition iki as to aliew that it in the convemt 

of Axiom 12. ^ 

2. If any mda of a triangUi it prodooed both ways, the esUNrior 
angles so formed are together greater than two right angles. 

3. Shew how a proof of Propcwtion 17 may be obtained by 
Joining each vertex in inm to any i^int in the opposite side. 



KUCLm’t KUUlBNm 




pROPOSITlOJf 18. Thxorrm. 

If one nide of a triangle be greater than another ^ then 
the angle ojjpowite to the. greater tticle altaU be greater than 
the angle ojypoeite to the le$$. 


A 



B C 


ABC Ih' a trian^l«% in whieli tin* si*le AC is j(roaU*r 
tlian i\io Ni<lo AB ; 

th«*u shall iht* angh* ABC Is* grcaU»r than tho angle ACB. 
ComiruHion. Kitiin AC, tin* gn*at4*r, rut olV a jMirt AO tH|ual 
In AB. I. 3. 

Join BD. 

/Vcsi/! Then in the triangle ABD, 

lM‘eaU!W' AB is <Hjual tn AO, 

then*f<»re the angle ABO is iH|ual tn the angle AOB. I. 5 

Jlut the exterior angle AOB of the triangle BOC is 

greater than the interior opj>osit4* angle OCB, that is, 
gn»at(»r than the angle ACB. I. 16. 

Thert^fore also the angle ABO is great<*r than the angle ACB; 
Still more then is the angle ABC gr<*ater than the aingle 
ACB. <^,K.D. 


Kuclid enunciated Proposition 18 as folloMs; 

The greater tide of every triangle hoe the greater angle 
opposite to it. 

[This fonn of enanctAtion is found to be a oommon souroe of diffi- 
culty with beginnertt, who fail to diatinguiah what ia oaniiwd in it and 
what ia to be prwed.] 


[For Exercises »ee page 38.] 
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Propobitiox 19. Theorem. 

1/ one an^ie of a triangle Ik! ^nUtr than another^ then 
the Bide opfkktite to the tjrmter atigle ihall be ffrmter Umn 
the eide oppoeiU to the lee$. 



fjet ABC Ije h trian^lo in which the nn^Ie ABC i« 
than the aii^le ACB : 

then shall the side AC \io grtMiter than the side AB. 
Prtkf F(»r if AC not j;(n*at4*r than AB, 

it must either e<jual to, or h*SH tliaii AB. 

Hut AC is not e«jual to AB, 

ft)r then the aii^le ABC would Ih» e<|ual to the auf^le ACB; I. r». 

but it is not. Hj/p- 

Neither is AC less than AB ; 

for thru the angle ABC Wfuild Is* less than tlie angle ACB ; 1 . 1 H, 
but it is not : 

Then'fore AC is neither «H|ua! U), nor less than AB. 
That is, AC is gn^iter than AB. 


Note. The mode of demonstration n«e<i in this rrofxmition is 
known as the Proof toy RxhaiutUon. It is appUcahle to canon in which 
one of certain mutually exclusive suppoHitions inuiit nKvsmarity he 
true; and it consists in shewinj? the falsity c»f each of these supfMMi. 
tions in turn with one exception: henett the truth of the remaining 
supposition is inferred. 


Euclid enunciaUHl Projawition 19 as follows: 

77 m ; (jrealer angle of every triangle is eubU^ed by the 
grmter eule^ or^ has the greater side opposite to it, 

[For MxertAaes see page SH.] 



EncLn>*« ELKXKwm 


ZC 

Fhoi*o»itiok 20. Tukorem. 

Afii^ UtKf aides of a irimyjle are iogeiker greMer than t)%s 
tliird Side. 

0 



Lc*t ABC rt triangle: 

th(‘n «luill any two of itn Kklrn l»o t^igi'ther gn^ator tliaii the 
third suit? ; 

namely, BA, AC, shall Ik* gmit^T than CB ; 

AC, CB grt^ater tlian BA ; 
and CB, BA greater than AC. 

Const mcHon, Produce BA to tin* |Miint 0, making AD <*<jual 
to AC. 1. 3. 

Join DC. 

Then in the triangh* ADC, 

InvauHO AD i.s e<|ual to AC, i'onstr. 

theixifore the angle ACD is eijual Uy the angle ADC. l. 5. 
Hut the angle BCD is gmiU^r than the angle ACD ; Jj\ 9. 
lhei*i!fort* also the angle BCD is gmaU^r Ilian the angle ADC, 
tliat is, than tlie angle BDC. 

And in the triangle BCD, 

IsH'iiiise the angle BCD is gn»ater than the angh* BDC, /V. 
thei'cfore the side BD is gn^ater than the side CB. i. 19. 

But BA and AC an* iogtdher (*4]ual to BD ; 
therefore BA and AC art? together grt?ater timn CB. 

Similarly it may be shewn 

that AC, CB are together gmit4*r than BA ; 

and CB, BA are together greater than AC. K l>. 


[For E xe r ciseg see page 
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PaopoBiTios 21. Tbeorkm. 

1/ frmn <A« undk a tide 0 / a drawn 

two HtuujH Ihwm to a f>oiiU u^hin the triangle^ tJwn them 
draighi elioil be Us$ than (he other (uo eidee of O^e 

triangle, bat shall contain a greater angle, 

A 



Let ABC be a trian^^le, and from B, C, tlio endn of tin* 
side BC, let tlie tv^o ntraii'lit lines BD, CD 1h^ dmwii (o 
a |Knrit O within the triaiij^le : 

then (i) BD and DC shall Is^bxijether less than BA and AC ; 
(ii) tlie angle BDC sliall la» gmiter than ilie aiigli? BAC. 

Construction, Produc<> BD to meet AC in E. 

IS'oof (i) In the triangle BAE, the two sides BA, AE an' 
together grtaiter tlian the thir<l side BE : i. 20. 

to each of tliese a^ld EC ; 

then BA, AC are together greater than BE, EC. Jr, 4. 

Again, in the triangle DEC, the two sides DE, EC a?*e to 
gtfther gmiter than DC ; 1 . 20. 

to (wh of thew* add BD ; 

then BE, EC are together gn.aiter than BD, DC. 

But it hiis IsH^n shewn tliat BA, AC are together great^T 
tlian BE, EC : 

«till more then art^ BA, AC gn?ater than BD, DC. 

(ii) Again, the exterior angle BDC f»f thf-! triangle DEC is 
greater than tin? interior opfK>site angle DEC ; i. 10. 
and the t^xierior anghi DEC of the triangle BAE is greater 
than the interh»r opjKusite angle BAE, that w, than the 
angle BAC i. H#. 

^tiU mare then is the angle BDC greater tlian the angle BAC. 

Q.E.n. 


CUCLIfyiS KLEMlNm 


KXKItClHl» 

ON r«Ol*O»m0N» IB AJfD 19. 

1. The liypot<;nuK«! i« the greatcitt Rttle of a right-angM triangle. 

2 . If two nngIfM of a triangle are equal to one another, the aidea 
ftlHo, which MubterKl the e<jual anglea, arc equal to one another. Prop. 6. 
Provo tluH iiidirtrtly hy uaing the result of Prop. IB. 

8. BC, the bane of an Isoiicelea triai^le ABC. ia produced to any 
]>oiTit 0 ; nhew tliat AD ia greater than cither of the equal sides. 

4. If in a quadrilateral the greatest and least sides are opposite to 
one Bnoth(‘r, then <nich of the angles adjacent to the least side is 
greater than its opixisite angle. 

5. In a triangle ABC, if AC is nut greater than AB, shew that 
any stmight line drawn through the vertex A and terminated by the 
hasr* BC, is less than AB. 

r». ABC i« a triangle, in which OB, OC hi wet the angles ABC. 
ACB reH|s-ctiv» ly : shew' that, if AB i« grt^ter than AC, them OB is 
greater than OC. 


ON PUOPOHITIOS 20. 

7. The difference of any two sides of a triangle is less than 
the third side. 

8. In a qnaflriluU'nil. if two cppoiute sides wliich arc not {parallel 
RW prtKliUN^l to nu'iet one another; shew that the perimeter of the 
givuter (yf the tw<) triangles so formed is greater tlian the perimeter of 
the quadrilateral. 

9. Tlic sum f»f the distances of any jMjint from the three angular 
jK>int.s of a triangle is givater limn half its jHirimeter. 

10. The jJcrimeU'r of a quadrilaU^ral is greater than the sum of its 
diagonals. 

11. (Ihtain a pr(W)f of Pro)>oHition 20 by bisecting an angle by a 
straight line which mwts the op|> 08 ite side. 


ON PttOPOSITION 21. 

12. In Protwsition 21 shew that the angle BDC is greater than 
Uic angle BAC by joining AD. and producing it towards the base. 

13. Hie sum of the distances of any point within a triangle from 
its angular i>oints is less than the perimeter of the triangle. 
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Proposition 22. Proulkm. 

To dem^ib€ a triangle lutring tie mdtM egual to fhrr^ 
given $tra\ght linee, any tu\) of which are together grmter 
than the third. 



I>*t A» B, C \yv tlio thrtH' given straight of whirli 

any two are togetlier gmiter than the third. 

It is mjuiml to descrilw a triangle of which the sides 
shali In* CN|ual to A, C. 

Conetmctiim. Take a fitraigJit lino DE Uinninat*^! at tlie 
jN)int D, hut unlirnitetl towards E. 

Make DF wjual to A, FQ (N{ual to B, and OH cMjual to C. 1. d. 

From e«»ntrt* F, with radius FO, <h*MTilN5 the cinde DLK. 
From centn? O with rallies OH, descriUj tlie circle MHK, 
cutting the former circle at K. 

Join FK, OK. 

llien shall the triangle KFG have its sides e«jnal to the 
throe straight lines A, B, C. 

Prenf lkM.^4Use F is the centnt of the cirvle DLK, 


therefore FK is enjual t-o FD : Ihf 1 1. 

hut FD is <Hjual to A ; Conetr. 

then»foni al.sf> FK is ♦x|ual to A. A c. 1. 

Again, In*i*hus<? Q is the c<mtn^ of the circle MHK, 

thert*fon* OK is equid hi OH : Pef 1 1. 

hut OH is equal to C ; Cofielr. 

therefort^ also OK is e<|ual to C. * Ax. 1. 
And FQ is equal to B. Vottetr. 

Therefor© the triangle KFO has its sides KF, FO, OK equal 
respectively to the thriNi given lines A, B, C. q.£.r. 
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EUCLID’S ELEMENTS. 


EXERCISE. 

On a bsM deacribe a triangle, whose remaining aidei ahall be 
equal to two giren straight linea. Point out bow the oonairtiction 
faiU. if any one of the three given lines is greater than the sum of 
the other two. 


Proposition 23. Problem. 

A( a giv^n in a giv^n at might /uie, to maJi:e an 

angle equal to a given angle. 



AB 1>p tliP givt*n Ht mi^ht line, and A the givpn }K)iTit 
in it ; and let DCE Ih^ the given angle. 

It is rtHjuired to dmw from A a straight line making 
with AB an angle <Mjunl to the given angle DCE. 

Conutructum. In CO, CE take any points D and E ; 
and join DE. 

From AB cut off AF etjual to CD. i. 3. 

On AF descrilw the triangle FAQ, having the remaining 
sides AO, GF e<jual resfK^ctively to CE, ED. 1. 22. 

Then shall tlie angle FAQ he fH|ual to the angle DCE. 

Prcn*/. For in the triangles FAG, DCE, 

j FA is ecjual to DC, Comtr, 

lUH?ause •? and AG is eiiua! to CE ; Comtr, 

(and the Imse FQ is ei{ua! to tlie ijose DE : Comtr. 
ilierefore the angle FAQ is equal to the angle DCE. L 8. 

That is, AG makes with AB, at the given point A, an angle 
equal to the given angle PCE, q.E,F, 
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Proportion 24. 

1/ tnr} trianghs lutvf itiy) oj //«f om egnnl to ttm 

of the other ^ eaeh to each, hut the angle amtaitmi htj 
the itm sidm of om greater than Ute angle contained hg 
the corresponding sides of (Ite other ; then the base of that 
u'hich has O^e greater angle shall be greater than the Inim of the 
other. 



Let ABC, DEF two trianj^les* in whirli the two nidoH 
BA, AC an? t^jual to the two sides ED, DF, eaih t^) ea<’li, 
hut the an^le BAC j^miter than the an^^le EOF : 

tlu?n shall the luvse BC Ik? gmiter thaii the l»aw EF. 

* Of tile two sides DE, OF, let OE lie that w hieli is not 
greater than OF. 

Const rtietion. At the jxant O, in the sfnii^ht line ED, 
and on the .viine side of it as OF, make the an;^le EDO 


e<jual to the antfle BAC. I. 2»J. 

Make DO fH|iial to DF or AC; I. 3. 

and join EG, OF. 

rroof Then in tlie trianj(his BAC, EDO, 
j BA is et|ual to ED, 

t, j and AC is eiiua] to DO, C<nhsir, 

I also the eontainwl angle BAC is «»<ji^al to tin? 
[ contaiiHKl angle EDO ; Constr, 

Therefore the triangle BAC is equal to the triangle EDO in 
all respects: t, 4, 


so that the liase BC is equal to the base EG. 
* Bee note on the next pern. 
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Again, in the triangle FDQ, 
iH^cauwi DG 18 e<jual to DF, 

therefon^ the angle DFQ h iMjual to the angle DOF, i. 5. 
but the angle DOF ih gmiter than the angle EOF ; 
t)u*refon^ also the angle DFQ is greater than the angle EGF ; 
still more then is the angle EFQ greater than the angle EOF. 

And in the triangle EFG, 

lM»eaus4^ the angle EFQ is greater than the angle EOF, 
therefon' the side EG is greater than tlie side EF ; i. 19. 
but EG shewn to Is* H]ual to BC ; 

therefore BC is greater than EF. g,K.D. 


• Tills condition was inwrUtl hy Sinison to ensure that, in the 
complele couBtruction. the |>oint F should fall l>rfotp EG. Without 
thia condition it would 1 m» nmanary to connider three caac's: for F 
mii^ht fall ut>ore, or uinm, or brtenc EG ; and each figure would require 
iMopamte pnsif. 

We an? however scarcsely at liWrty to employ Simson’s condition 
without promnt} that it fiilfiU the object for which it was introducod. 

Thin may Iw done as follows : 

la't EG, DF, pnxhuvd if iiec©s«ary, intersect at K. 

Then, Hi net? DE is not gn?an?r than DF, 
tliat is. sintx* DE is not frreaUT than DG, 
iht?rtdon> the angle DQE is not gn*ater than the angle DEG. i. IH. 

But the exterior angle DKG is greater tluin the angle DEK : i. 16. 
therefore the angle DKG is greater than Uie angle DGK. 

Hence DG is greater than DK. i. 10. 

But DG is equal to DF ; 
therefore OF is greater than DK. 

C3.. At.. A c x.f arni 
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Or the following method may lie adopted. 


P 110 PO 8 ITION 24. [Altehkativk P»cM>r.] 

Ill ilte iriauglefl ABC, OEF, 
let BA be equal Ui EO, 
and AC equal to OF, 

)tit let the angle BAC be greater Uian 
tile angle EOF : 

then Hiiait the ba«6 BC be greater Oiaii 
till? ba«e EF. 

Fur apply the triangle OEF t«» t)»e 
triangle ABC, ho that O may fall on A, 
lifid OE along AB: 

tiien b(*<*auH*> OE ih equal to AB, 
therefore E inuHt lail on B. 

And becauM* Uie angle EOF in lenH than the angle BAC, 
tlierefort^ OF rnuHtfall betip^«'« n AB and AC. 
jA‘t OF occ'upy the inwition AG. 



ihp- 


Cank I. IfQ fallHon BC: 

Then Q ihuhI be Ix'twta'n B and C 
therefore BC in gn^ater than BO. 

liut BQ iM equal to EF : 
tliert’fore BC i» greater than EF. 


A 



Cakk II. If Q di»e« not fall on BC. 

Biaect the angle CAG hy the atraiglit 
which meeU BC in K. 

Join OK. 

Then in the trianglea OAK, CAK, 

/ QA if* ectual to CA, 

3 AK ia common U> both; 

land the angle OAK ia c^ual 
I angle CAK ; 

therefore OK U equal to CK. 

But in the triangle BKQ, 

the two aidea BK, KO are iogjkher greater than the third elde BQ, 1 . 20. 
that IS, BK, KC are leather greater than BQ ; 

therefore BC U greater Uum BQ, or EF. a.R.i>. 
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Pbopositiok 25, TuEoaKH, 

If two trunn^hs hav^ two Bttlti of ihf. one equal to two 
ftidee of the other^ each to eorA, hut the hose of one qrmter 
than (he hnee of tfte other ; then the angle rmituined (n/ Uke 
ntlee of that v hirh ha$ th*. greaier baee^ slaiU he greater t/tan 
the aipjle contnimd hy the ctrrreH^tondiruj eulee of the other. 


A D 



ABC, DEF two triaii^jlrs which have the two Bides 
BA, AC e<jual to the two Ki<U»B ED, DF, ea< h to each, hut the 
BC ^n*ater than the Iwise EF : 
then sfiall tfn? lui^de BAC be jo^reatfT tlian the angle EOF, 

Proof For if the angle BAC Im> not greater than the 
angle EOF, it must Ih‘ either ec|ual to, or less than the 
angle EOF. 

lUit the angle BAC is not e<|Ual to the angle EOF, 
for then the Iwvst^ BC would U' fNjual to the l>ase EF ; i. 4. 

hut it is not. Hyp* 

Neither is the angle BAC less than the angle EOF, 
for then the l>as<? BC would lie less than the Ivise EF ; l. 24. 

but it is not. IIpp* 

Thert^fore the angle BAC is neither equal to, nor It^ than 
the angle EOF ; 

that is, the angle BAC is greater than the angle EOF. Q.K.P. 

EXEKCISK. 

In A triangle ABC, the vertex A is joined to X, Uie middle 
point of the BC; shew that the angle AXB is obtuae or acute, 
according aa AB is greater or leas than AC. 



ttooK I* pRor. 26 . 
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Froporition 26. Throrrm. 

1/ two trmngl€$ ham two antjles of thu om mual to two 
an^le$ of th^ oth^^ each to ^ach^ ami a (mh of ons ^qufd 
to a ndk of the oi/urr, Owm $%de§ heit^ either atijacent to Mu 
equal atigUs^ or tqp^)o»ite to eqtuU afiglr$ in each; thetk $hall 
the triat^gles he equal in all respects, 

Ca«k T. When the RidcA are adjacent to the CH|ual 

angles in the two triangles. 


A 0 



B C E F 


Let ABC) OEF 1 k> twr) triHngh*H, w hich liave the aiigh^ 
ABC, ACB, equal to the two angles OEF, DFE, e/w h to each ; 
uml the side BC <*qual U> the sich* EF : 

then shall the triiuigle ABC Is^ equal to the triangle DEF 
in all r<*sj)ect« ; 

that is, AB shall l»<* ec|ual to DE, ajul AC U» OF, 
and the angle BAC shall Uj equal to the angle EOF, 

For if AB Ik? not equal to DE, oin? must Ui grf*ater than 
the oth€»r. If |K)ssihle, let AB U* gn*at4*r than DE. 
('onsimction. From BA cut olf BQ t?qual to ED, I. 3. 

and join QC. 

Proof Then in the two triangles QBC, DEF, 

I OB is c^qual to DE, PonMtr. 

nufl BC to EF, H,jp. 

also the contained angle QBC is equal to the 
contained angle OEF ; 

therefore the triangle*® are et|ual in all res|iecta ; l. 4, 
so that the angle QCB is ec|ual to the angl# DFE. 

But the angle ACB i» equal to the angle DFE; Hyp* 
therefore also tlie angle GCB is e<|ual to the angle ACB ; Az,\, 
the part equal to tlte whole, which is impoisiblew 
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TlHT<‘fon» AB IS not munjual to DE, 
that AB is oi|ual U) DEL 
n<*ncf in tlK‘ trian/^los ABC, OEF, 

! AB is to DE, Proved, 

and BC is <‘<jual to EF ; 

also tlio rontaiiMMl iin^Io ABC is oqual to tin? 
contaitunl an^lo DEF ; 

tli4‘iX‘foro tlio trian^los aro ♦xjual in all ros|)eots ; i. 4. 
so that tin* sido AC is oqual to tlio side OF ; 

and the an^lo BAC to the angle EOF. q K. n. 

(\\HK 11. When the etjual sides an? opposite to e{|ual 
angles in the two triangles. 


A D 



Let ABC, DEF be two triiuigles which have the angles 
ABC, ACB f?qual to the angles DEF, DFE, each to each, 
and the side AB equal to the side DE : 
then shall tlie triangles ABC, DEF be equal in all respects ; 
that is, BC sliall be equal to EF, and AC to DF, 
and the angle BAC shall be equal to the angle EOF. 



r. mop. S6. 
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For if BC 1)0 not o<|ual to EF, one niu»t \n^ ijnviter tliiiii 
the other. If possible, let BC Iw greater than EF, 


iciioa. 

From BC cut of!' BH <Hjual to EF, 

t. .1, 


and join AH. 


Proof 

Then in the triangles ABH, DEF, 


( 

AB is e<|ual to DE, 

^ ^Av/' 


and BH to EF, 

Comir. 


tcause ^also the c*<jntJiine<l angltt ABH is iMpial to the 
V contained angle DEF ; 
therefon* the triangles an? e<|ual in all respH’is. I. 1. 
so that the angle AHB i« equal to the angle DFE. 

But the angle DFE is ^^jual to the angle ACS ; 
therc»fore the angle AHB is equal to tin* angle ACB ; A.t\ 1. 
that is, an ext4*rior angle of tin* triangle ACH is e<|Ual to 
an interior ojqxmite angle ; m IucIi is iiiqM>Hsible. i. 16. 
Therefore BC is not un<M|ual to EF, 
that is, BC is equal to EF. 

Hence in the triangles ABC, DEF, 

( AB is e<|ual to DE, 

and BC is etjual to EF ; /Vomf. 

also the containt'd angle ABC is e<jnal to the 
contained angle DEF ; 

thert‘fon' the triangles are eijual in all resjMH'ts ; I. 4. 
so that the Hi<le AC is e<jual to the side DF, 
anil the angle BAG to (he angle EDF. 

q.R.i). 


lh»caust^ 


CoKOrXARV. In hnth of th 'm I'n. intuition it is 

*hui the trintxtjUs t/ei// /w* math to coincide with one another; 
uid are. therefore equal in arw4. 


H. K. 
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ON TIIR IDENTICAL EQUALITY' OF TKIANGLBS. 

At the cloee of the hn<t eectiou of Bo<»k I., it in worth while 
to a(llH(>ecial attention t^) thone Pro|»o«ition» (vi/.. Pro|*H. 4, 8, 28; 
which deal with the identieaL eywo/Z/y of two th/uigUsn. 

The rc.*»ultH of thorns Pni|MiNitioiiH may nuinmarizcxl ihiin: 

Two trianglcH are orjtial to one another in all reH|Ha’ta, when 
the following parts in each arf? equal, eaiii to each. 

1. Two sides, and the included angle. J*rf>j>. 4, 

2. Tho three sides. /i*<7>. 8, iW, 

3. (a) Two angles, and the a<lj/atetit side. \ 

(h) Two angles, and the side opjs>site one <»f > /’ro/). 20. 
them, J 

From this the U^ginner will js‘rlia[»H surinis^^ that two tri- 
angles may Is? shewn io isjual in all n*s|Hx ts, when they have 
t/trt'ff /t*tr(n cs|ual, eueh to each ; hut to this statiuuent two (obvious 
exeeptions must Ihj made. 

(i^ When in two triangles the of one are equal 

to th<‘ /Am; an^fh’A of the other, eaeh to eatii, it ing 

nee<»!HSiirily follow that the triangles aix* t qual in all n.*.s[>ei*ts, 

(ii) When in two trianglt^ two sides of the one fnv tsunil 
to two sifles of tho other, t*aeh to eaeh, ami mie angle equal 
one angle, thes<* not Ixing the angles inclmled by the (spial sides; 
the tnangUw are not ueeessfirily e<pml in all resjie^'ts. 

In those e;iH<\s a further eomlition must l«e adibHl to the 
hyjM»thesis, Isdon; we can assert tho identical tHjuality of the 
two triAngh*}i. 

[See Tlusirtuuvs and Exon ises on B<*ok I., Ex. 13, Page 112.] 

Wo t>bs<'rv'o tliat in tvich of tho thi^s^ cases aln»ady 
i>f identical tquality in two triangles, namely in Pro{H>sitlous 4, 
8, 2ti, it is shewn that the triangli'^i may l»e mii«ie t4» coi/Wc/c 
ir/M ono another ; so that they are equal in ami, as in all 
other rt'sjsvts, Em lid however nxstnetisl himself to the use cf 
Pn>p. 4, wh<*n he rei|uirisl to deduce the tx|Uidity in area of two 
triangles from tho equality of cei*taiti of their |>Hrta, 

Tins restriction has Km^u ahandoniHl in the present text-lxiok. 
[See note to l^p. 34.) 
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EXKIW'IS«R« OX PROPOHITIOXH 12 -20. 

1. If BX and CY. the bimvtorH of the anu^len at iho haM> BC of tin 

triATitrlf* ABC. mwt the ahhs lo X and Y , ehow that 

the tnanKies YBC, XCB are equal in lUl 

2. 8how that the perpetulicnlara drawn from the extnMiUiiea of 
the batte of an hoMceioH triangle to the o]>}»o«iite m\U^ arx> t^qual. 

8. Any point on thf t/isector of an anylf i$ ^rquitiistant from (h^ 
arnu of the anyie. 

4. Tlinmgh O, the middh* jKnnt of a Htraight line AB, any Ktrai^'ht 
line i« drawn, aJid perjn ndkularH AX and BY are dropjied ujxm it fnjrn 
A and B; shew tliat AX ia equal to BY. 

5. If the hifiiH'tor of the veitical ain?1e of a triauKlo in at ri;»ht 
anj^le* to the Iwine, the triangle i»< l. ?i. 

6. The )%rrprndu'ular u the ehorte*t ^troifiht itne that can he 
Jraiett from a ytveu fuant to a yiveu *trai<jht tine ; and tf othrr*^ that 
uiueh i$ nearer to the perpendieutar tM Im* than (he tmtre remote; and 
tu'o, and only tiro tufoal etraiyht Uuee can he drawn from the ytren 
lonnt to the ytten straiyht Hue, one on tueh *ide of the perpendicular. 

7. From turo yiren poiutn on the eame role of a yivrn etraiyht hue. 
draw fire utraiyht line*, irhieh shall noot tn (he yivtn gtraiyht line 
ottd make eyual anytes with if. 

Let AB be the tfiven utrakht line, 
and P, Q the Riven jioinls- 

It IH rwiuirtHl to draw from P and Q ^ 
to a jH>int in AB, two htraiRht hne« 
that Rhall he i^iually inclined to AB. 

Conetnirtton. From P draw PH P 

prrjiendicular to AB: j»r<Kluce PH to 

P, making HP equal to PH. I»raw QP', no'^.itng AB in K. Join 
PK. 

Then PK, QK almll be tin? rtM|uire<l Urum. [Su{»ply the pnKjf.] 

K In a given straight line hnd a jK»int which e^tuidiHtatit from 
two givfsn intersecting straight lin«s. in what enmi is thiti i«i{KiMfiihle? 

Ih Through a given point draw a straight line such that the iwr- 
pendictilars d^wn to it froin twi» given |]ioinU may be e(|uai. 

In what cane is this impossible / 
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SECTION II. 


PABALLKL STRAIGHT tlMIUi AND PARAULKUKiRAMS. 

Definition. ParalUil straight linos are such as, Wng 
ill the same plaiie, ih> net iiieirt however far they are pro- 
duml in lK>th directions. 

When two ntniight linen AB, CD are met hy a thinl straight 
lino Er, eifjht angloa are formed, to which 
for the sake of dint inet ion |>articular 
tmmen art^ given. 

Thun in the ndjoining figiipo, 

1, 2, 7, ft are ealli^i exterior angkv, 

3, 4, 5, 6 are callt^l interior miglcw, 

4 luul (5 arc «aid to Iw alternate angle*! ; 

BO also the angle#! 3 and 5 are altomaU' to 
one another. 

Of the angles 2 and (5, 2 i« referred U> as the exterior angle, 
and 0 m the Interior opposite angle on tlu> name side of EF, 

2 ami d are wjnietiineH calUnl corresponding anglen. 

St» alao, 1 and 5, 7 ami 3, 8 and 4 arc correHfHmding angles. 

Enclid’H treatment of imndlel htraight line.H is Kiseil uiH)n hia 
tweltlh Axiom, wliich we here re|)eat. 

Axiom 12. If a straight line cut two straight lines so 
as to make the two interior angles on the same side of 
it togetlier less than two right angles, thest> straight lines, 
Wing CN)ntinimIly produc'd, will at length meet on that 
side on which are the angles which are together less tlian 
two right angles. 

Thus in the figure given aWve, if the two angles 3 an<l 6 are 
together less tlian two right angitjs, it is asserted that AB and 
CO will meet towards B and D. 

This Axiom is used to establish i, 29 : some remarks upon it 
will be found in a note on that Proposition, ^ 
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PRorosiTioN 27 * Thkorkm. 

J/ a «traighi line^ falling on two oth^ Uraight tnalvf 
the cUUmai€ angles equal to one atwilter^ then the etraighi 
lines shall Im pai^lel. 


K 


Ijot the fciraij,(ht Hih' Ef out th« two straight lin<^ A8, 
CO at Q and H, so oh to iiiakt* tho altonmto angloH AOH, 
OHO CH|Uttl to one another: 

then fihail AB and CO ]>arallel. 

Profit. For if AB and CO l )0 not |wiriillel, 
they will iTUH»t, if j»i*o<luc*<?d, either towartls B and 0, or to- 
wank A and C. 

ff jiossible, let AB and CD, when pnaluced, ni<M?t towards B 
and 0, at the punt K. 

Tlum KOH is a triangle, of wliieh one side KG ia produccMl 
to A: 

therefore the exterior angle AQH i« grc*at«T than the int4*rior 
opposite angle OHK. i. IG. 

But the angle AQH ia e(|ual to the angle GHK: llyp> 

hence the angles AGH and GHK are l>oth equal and unerjual , 
which ia imp^ssihle. 

Therefore AB and CD cannot meet when produced towanifc 
B and O. 

Sifiiilarly it may lie shewn tlmt they cannot me(*t towards 
A and C : 

Uierefore they are parallel. 



q.E.D. 
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PuUH>»ITIOX Thkohkm. 

if a Htnwjht twi> other $traujht 

ouike an extetnor amjle t*ptal to (he iatrrior api^jifite angle 
on the mime eule, of the line; or %J it make t)^ intiTriipr 
atojien on the mime Hoi*‘ togethrr tytutl to two right angleMy 
then the tiro etraight lines shall he paraUtl. 

£ 

A- 

C- 

Lf*t lli»» Ktnii^lit liuf EF out thu two Htmiglit liuoH AB, 
CD in O /uui H : and 

Firety lot tho ovti^rior ai»gU* EGB 1 h* oijual to tho int<*nor 
Dppusito anglo OHD : 

th(Mi hliall AB uimI CO Im 

/Vc«i/! lii'<‘4ius<» tin* anglo EGB is (Sjual to tin* ani;lo GHD; 
and iMM auso tin* anj 4 li* EGB in also(*i}Uai t4> tin* vortioally oj>- 
^K>Kito ungln AGH; 1. 15. 

tlifrt*fore tin* angU* AGH \h fM|ini] to tin* anglo GHD; 
hut thoso an* ultorn.ato anglos; 
thoroforu AB and CO an* j«inilloI. l. 27 , 

Q. E. I>. 

Seroiollt/y lot tin* two intorior anglos BGH, OHO )k» to- 
gotin*r c'ljual to two rii;ht angles: 

thou kIiuII AB and CD 1 h* }UimlloI. 

Proof lt 4 »oaus«» iho angles BOH, GHD an* together e<jual 
to two right angles; /////>• 

and iM'iyiUM* the a<ljiut*nt angles BOH, AGH are also togetlier 
etjual to two riglit angles ; I. 13, 

tlierefore the angle's BGH, AGH art^ together eejual to the 
two angles BOH, GHD, 

From these iH]ual8 t<ike the common angle BOH: 
then the n*maining angle AGH is equal to the remaining 
angle OHD: and these are alternate angles; 

therefore A8 and CD are parallel. i. 27. 

Q.R.D. 




pRopvwiiTioN 29. Tiii:orkm. 


If a MtraujfU fall oh Um jHtrallrl utmUfht (Jtrn if 

$ha!l iwik^ th^ aUrrniit^ anyh.n eqmii to one nnotf^^r , and th^ 
t> H*^ri(*r Hpml to intiftrufr op^>ointe on th^ 

Hotne aid*' .* and fi/<<o th** ttPo intrrurr on the tame 

tide equttl to tirt0 ritjht anyt^^e. 



I^'t tin* Ktniight lino EF full on tin* jMirullol Kt might 
linos AB, CO : 

thon (i) thf fiitoniuto angh-, AGH, GHD shall U* oqnul to 
ono anothor; 

(ii) tin* oxtorior angh* EOB Hhali lx* imhuiI tothi* intorior 

oj*|H»»it(* unglo OHO ; 

(iii) tin* two intorior xinglos BOH, GHD kIuiII U* togothor 

(Mjual t^> two right angh*s, 

PrtMt/, » i) For if tho angh* AGH lx* not <‘<|ual to tho anglo 
GHOf oru* of thotn must lx* grout#*! than tin* otln*r. 

Jf 1 xiHsihh*, lot tin* anglo AGH lx* gn*nt«*r than tin* anglo 

OHO ; 

to tin* angh* BGH: 

thon tho angioH AGH, BGH an* t<»gotln*r grrtitor than the 
anglos BGH, QHO. 

liut the aiijacent anglt'S AGH, BOH an* togetlM*r ecjual to 
two right angles; I. 13. 

then*fore the angles BOH, QHO are togHlier h*sH than tM o 
right angh*s ; 

therefore AB and CD nuH^t towards Band O. Ar. 12. 
But they never nie<*t, since they are fiarallel. 
Hierefore the angle AGH is not unequal to the angle QHO: 
that is, the alternate angles AGH, OHO are equal. 

(Oiwr) 
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(ii) Aj'fliii, 1 m*chuh<' ih»* anj^Ui AGH is (njual t4> tiu* 

( ally o|>posit<* aji;;l(' EGB; I. 15. 

and lMH'au»<5 tln^ angl(? AGH in <M|nal to tlio an^lc OHO; 

Pruvfih 

tliorofow iho exterior aii|Lrle EGO is (mjuhI tf> the inU^rior o|»- 
js>Hit4^ angle GHD. 

(iii) liiiHtly, the iinglr EGB is <M]ual to tin* angl(^ GHO; 

Provid. 

add to eaeh tlie angle BGH ; 

then the angh‘« EGB, BOH are together e(jiial to the anglea 
BGH, GHO, 

J^ut the adjae<’nt iingU’s EGB, BGH an^ together et|ual to 
two right angh's; 1 . 1.1. 

then'fore also the two interhir angles BGH, GHD are 
gether tajual to two right angles. 


KXKRriSKS ON l»IUH*<».SITl(»N8 *J7, 28, 22. 

1. Two Htmight linrx AB, CD bisect one another at O: »1 m>w that 

th(( straight linos joining; AC and BD ant |>ara!lel [i. 27,] 

2. Straifjht tiHr$ which are pc rpendiculnr to the $ame itraigkt Jine 

arc parallel to one another. [i. 27 or i. 28,] 

8. 1/ a itraiffht line meet two or laerr parallel straiffht line$^ ami is 

perpemlicular to om ot' themy it it also perpendtcular to ail the other*. 

[u m 

4. // two straight lines are parallel to two other straight Umes^ eaeh 
to tacA, then the angles contained l*g the first pair are tgual nrspeetivelg 
to the angles contained hg the second pair, [i. 22.] 
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XOTK ON THE TiTELPTH AXiOll. 

It mimt Iw) mlinitUHl tlmt KucIhIh twelfth Axiom m mt- 
RatiHfact^>ry a« tho of a theory <»f |Wiralle! Htmijilit liiiej*. 

It cannot rej;anl<‘ii an either Htinple i^r M'IT-cn i<ien(* iuhI it 
therefore fnlU «hort of the chani4 ien?<ti<»^si of an axiom : 

nor ia tVio dithculty entiriMV rvm«>vefl hy con»idcrini( it an a C4>r- 
ndlary to Pro[iOttitioii IT, 4>f which it ia the t*<tnvcr?*e. 

Many «ul»^titut4‘H have \taeu |)n»|>txs<Hl ; hut we only twdiee 
here the Ryntem which h;i« met with mont 

Thirt Hyj^tein msta on the following hyjt*»tl»eHiK, wlht h in |njt 
forwanl an a fuiulamciihil Axiouu 

Axiom. Ttn* tnfersertintj $.tnu>jtu linen cannot Ik ln^h ^jHtndlel 
to a third ntroiifht line. 

Thin HtJitcinent in kn <wn jlh Pla^^air’s Axiom ; and tlmugh 
it i« not altogether fn'^* from ohj<jetion, it in recitimiiemh'^l tm 
both «im}»KT and more fundamental than that emjdoyHl hy 
Kuelid, and mort* reaiiily udinittiHl without |»nM>f, 

Pro|K)8ition.s 27 and 2^ having U^eii jaHotni in the UNual way, 
the firnt part of Projiosition 2*.t m tlien gi\en thus. 

Pkoposition 29. [.\LTKiiNATivt: Pnoor. j 

// a fttraifjht lim ffdl on tm* jKirnUel ntniif/ld linen^ (Io n it 
nhall make (he alO'rnnte anglen equal. 

Let the straight line EF iiwH^t the two 
parallel straight lines AB, CO, at 0 
and H : 

then shall the alternate angles AON, 

QHO Ihj: e^jual. 

For if the an^ijle AOH is nut equal io the 
angle QHO : 

at G in tlie straight lin4> HQ make the 
angle HQP etpial to the angle QHO. 
and alt<'rnate to it. i. 2.k 

Then PC and CD are iiarallel. i. 27. 

Hut AB and CO aie i»arallel : H*jp. 
therefore Uie two inWrsecting straight lines AG, PQ are both |>arallel 
to CD: 

which ig inipDnaible. PUtyjjftir » Aziem. 

Therefore the angle AGH in not unequal to the angle QHO, 
that ig, the alternate angles AGH, GHO are oi|uah o g.n. 
The second and third mrU of the Proposition may then fleduced 
aa in the teat; and Bodio's Axiom 12 follows as a Corollary. 
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PttoinmiTioN Thkohkii. 

Straight lin*n trhirh are pnr<tUt*l to the mtne straight Him 
are fparatlA to one anothr^r. 



tlu^ Htrai^'ht Hups AB, CD Ik* f‘n4 li jwinilipl to the 
stmi/i'ht Hue PQ : 

tlien shall AB and CD 1 m* jwiralU-l to one another. 

( 'oiuatrurtion. Dnivv any strai;;ht Hue EF futtiug AB, CD, 
and PQ iu the jxauts G, H, au<i K. 

J*roof. 'J'heu lK*<*ausp AB aud PQ art* |u4ml]pl, aud EF 
iiuH'ts them, 

then^fore the auixlo AQK is <‘i|ual to the alt4*ruat4* angle GKQ. 

1 . 

Aud iKM'ause CD an<l PQ are |wimllel, aud EF uhm*U tlieiii, 
thert'forf' the ext4*rior augh* GHD is <H|ual to tl»e iutiTior 
oj»j)osit4‘ auglti HKQ. I. ‘JH. 

Ther«'f(n*e the augit* AGH is e4|ual to (he auglt‘ GHD; 
aud these are alternate angles; 
thert'foix^ AB autl CD an* j>aralUd. 1. 27. 

Kotk. If PQ lies Wtwet n AB and CD, the Pro|K>miion may bo 
I'siablisht’d in a similar manner, though in Uiis case it acamdy needs 
for it is incomx'ivable that two straight lin(*«, whicJi do not 
meet an intermediate straight line, aliould mwt one another. 

The truth of thi« rt\>t>osition may be readily deduced from 
riayfair's Axiom, of which it ia the converac. 

Fur if AB and CD were not (mrallel, they would meet when pro- 
duced. Tlien there would be two interaecting straight Uuen both 
{)4iraUel to a third straight line: which is impoasibie. 

Therefore AB and CD never meet; that is, they are paraUei. 
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PkOPOSITIOX 31. PROtttEJi. 

To tlmw a Btmujht /iW ihraii^jh tt f/$trr$ fntmllrl 

to a f/ivrn $im%ght /iVw!. 



A l>f» th«* jfivcni jxnnt, and BC the ^iven line. 

Tt iH m|uirtHl to dniw through A a Ktraight line )»anillel to 
BC. 

Comtruction. In BC take any |>oint D; ami join AD. 

At the |^>int A in DA, make the angle DAE <H|ual to the 
angle ADC, and alternate to it i. 23. 

and |>rodm‘e EA to F. 

Then sfiall EF 1 m? parallel to BC. 

TriH\f. lks.!aUM‘ the ntniight hm* AD, in»*<‘ting the two 
Ktmight liiUMfJ EF, BC, mak<‘H the alternate aiigles EAD, ADC 
tMjual; i’oujtfr, 

ther<*fon‘ EF i^^ parallel to BC : T. 27. 

aiicl it hius 1mh*u dmwn through the gi\en |*oiiit A. 

V. y:. r. 


EXKHOIHRS. 

1. Any fitrai^^ht line drawn |)arailel to the Imjw? of an 
triangle make# fH|ual anglei* with the Midea. 

2. If from any ]K>int in the hbieetor of an angle a utraight line iti 
drawn parallel to either arm of the angle, the triangle thuj* funriwl in 
iaoeoel^. 

3. From a point draw a atmight line that ahall make with 
a given atraighi line an angle equal to a given angle. 

4. From X, a point in the baiie BC ot an iiioficeieii triangle ABC, a 
straight line tit drawn at right angles to the base, cutting AB in Y, and 
CA prodnced in Z : shew the triangle AYZ U laoaoekHi. 

5. If the straight lino which bia<M*ts an erterior angle of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles. 



58 


KtJCUB*S la^EllBlim 


Pkoih>8ition 32. Theorem. 

Jf a of a trianyh he fproduced^ then the exterior 
anyU ehall be equal to ilie eutn of the two interior oppoeiie 
muflee: aleo the three hit^rior atujlee of a trianyle are together 
effual to two right anylee. 



Jj<»t ABC ]>o a triangle, aiid let one of its sides BC be 
producHKl to D: 

then (i) tlu? exterior angle AGO shall l>e «H|ual to the sum 
of the two iutijrior opposite angles CAB, ABC ; 
(ii) the thn*e inU^rior angles ABC, BCA, CAB shall 
\h^ together e<jual to two right angles. 

Cofott ruction. Through C draw CE pamllel to BA. l. 31. 

Proof (i) Then lM*eauH<^ BA and CE are imrallel, and AC 
them, 

therefon* the angle ACE is equal to the alternate angle 
CAB. 1 . 29. 

Again, Is'oause BA and CE are jvirallel, and BO mef*ts them, 
thert*for<» the exterior angle ECO is t^qual to the interior 
opjH>site angle ABC, I. 29. 

Then^fore the whole ext<u-i<jr angle ACD is e<|ual to the 
sum of the two interi(»r opposite angles CAB, ABC. 

(ii) Again, sinci^ the angle ACD is equal to the sum of 
th(* angles CAB, ABC ; Proved. 

to each of these tH^uals add the angle BCA : 
then the angles BCA, ACD are together equal to tlie three 
angles BCA, CAB, ABC. 

But the mljactmt angles BCA, ACD are together e<|ual to 
two right angles; i. 13. 

therefore also tiie angles BCA, CAB, ABC are tc^ther equal 
to two right angles. q. B. D. 
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Fro»i thin ProjXJiation wo draw tli€» followiiij^ iiit|K)rtant 
inferencoK 

1. // ttto hav* two 9 n^le$ of the om to firti of 

tJw other^ each to toch^ thm tho third anffU of ike oh^ h e^ual to tho 
third tmffts of tlu! othtr, 

3. In any riykt^nyUd triangU tho two acttU anylrs are rom^ 
plementary. 

8. In a riyht-anglod Uo$ceUi triangle etsch of the equal angler 
u half a riglU angle, 

4. If one angle of a triangle it equal to the rum of the otfwr two, 
the triangle is right-angled. 

5. The rum of the angler of any quadnlatrrat jijure i* equal to 
four right angler. 

f», Etu'h angle of an equilateral triangle ir twft thinU of a right 
angle. 


KXKKOIflICS OS niOtN>8ITI<>N .Hli 

1. Prove that the three angk« of a triangh* au* t<»g*'th*T is|ual t*) 
two right angU'ii, 

(i) by drawing through tlie vertex a Htraight line [Mirane! 

to the baae ; 

(ii) by joining Ujc vertex to any point in the haw'. 

2. If the haae of any triangle in pn>duced Uitli whvm, nhew that 
the KUin of tiu* two exterior angle* dinuniahed l)y Uhj vertical angle in 
CKjual to two right angle*. 

8, If tvo rtraight liner are perpendiruhtr to two other rt might 
liner^ mrh to each^ the acute angle betwe*n (he ftnt j^air ir equal 
to the acuU angle between (he recoiul p4iir. 

4. Every right-angled triangle ir divided into (wo irmceUr iri- 
angler by a rtraight line drawn from the right angle to tlte middle p^nni 
of the hypotenme. 

Hence the joining line is equal to half the hypotenuse. 

5. Draw a straight line at right angler to a given finite rtraight 

line from one of its exlremitier, without producing the given rtraight 
line. * 

[Lei AB be Uie given etraight Une. On AB deaeribe anr iaoioelea 
triangle AC6. Prince BC to O, making CD e^tiai to BC« Join 
AD^ 71m ahall Ap be perpendicular to AB.] 



eo 


EUC14l>*ll EtKMKN'm 


ft. Trisect a right angle, 

7. The ftUKle contnijii^ by the bij^tom of the at the base 

of an triangle la cniual to an exterior angle formed by |»ro* 

dudng the; baae. 

«. The angle oontahod hv t>w; biKeetom of two adjacent angloa of 
a quadrilateral ia equal to half the aum of the remaining angles. 


Tho following ilu^onfiii.s won* fuitlt;<l a« corf)lhiric*s to 
PiT»j)08ition H2 by KoIktI Siriwui. 

f’oitOLLAliV 1. A^i th*' xiitn'ior of nut/ rerti/inefU 

fii/urey with four rif/hl nof/trs, nre toi/f th r equal to tuice an 
mant/ ritjht an/jlrs rt-y the fi,ju re ha^ titles. 



Lt;t ABODE Im any roctiliiM^al tigun*. 

Take F, any |H)int witliin it, 
hikI join F to each of flio angular points of the figure. 

Then the figiin^ is dividiMl into as many triangles as it has 
sides. 

And the thnn^ angles of eaeh triangle are together efjual 
to tw(» right angles. i. 32. 

Hence all the angles of all the triangles art' together equal 
to twice tis many right juigles as tin; figure luis sid(*s. 

But all the angles of all the triangles make up the in- 
terior angles of the tigure, t<*g<‘ther with the anglt»» 
at F ; 

and the angles at F are togetlier ecjual to four right 
angles: i, 15, Or, 

Therefon^ all tlie interior angles of the tigure, with four 
right angles, are together etjual to twice as many right 
anghm as the figure has sides. q, K. n. 
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CorolLj\rt 2. If of rt reclihomi Jt /urr, nhtch 

htjs no re-^ntnnnl angl^^ art, pmdutrti in (4rt4 nit tlw ij'- 

terior tto f/rrn*4i are Uptjeiher ttpoil fa four rty/d aafes. 



For at <m’h angular |ioi!it of tho tl*«‘ an^^lo 

and tho fxtorior an^^le an^ toj;ethi*r cHjual to twti nj^ht 
ao;:l«'H, I. 1 

Tli<*n*fi)ri* all tli** iiitt-nt^r ^ith all iJio <'\trri«>r 

aiij:j;leK, an* to^*t}uT isjual to twica* as many ri;4lit an;^lt s 
its tlio lias sidos. 

lJut iill tlio int«‘nor an^h*s, ui(li four ri^ht aii^dos, aro to* 
^olhiT «Mjmil to twiff Its many ritrlit amnios as tlio tl;;nio 
hits hidos, I. o2, (’or 1. 

TlM*i>*fon* all th*' iiiti'i'ior an^ilos, v^iili all tlm rxt^'rior 

an;;lo», an* to^rtlior oqujil to jil! tin* int^nior ani^los, v itli 
four ri^lit audios. 

Tliorofort’ tlm oxt^Tior an;j::l<*s ntr r isjnal to four 

rij'lit aiij'h*H, V *'• *>• 

l-.XKRriM.H oX SIRHOX S f OliOIJ, 

[A is said to 1 h* regtUjtr whvn it luis all its sidi’s and aU iu 

tsjtuiK] 

1. Express iu U*miM of a nj!ht an^rlo tl»** maj'nitudi* of i^aob arud« 

of (i; a rejfular hexAj^ou, (ii) a n rular 

2. If oUf side of a n*^ular hrxa^<in in pr<Miuris1. that lh<? ox* 

U rior angle is o<iaal t»» llir ufigb* of an c^jiniaU ral triangl* . 

3. Prove Hinowurs first Corollary by joining one vertex of the 
rectilineal figure to em h of the other vertu*#'S. 

4. Find the magnitude of each angle of a regular polygon of 

It sides. % 

r>. If the alternate aides of any j»olygon be frrod Ufv*d to nns^t, the 
sum of the included angU>s, tog^^lnn* witli eij^it right anghji, will 
be equal to twice as many right angles la the figure has sides. 
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pHOnwlTtON 3'l. Thfokkk. 

Hir ttirai'jhi Hn^a ir/rir/i juin tlifi ejr(r*fmitu^ of /rm fjjuol 
(tod /fftra/lrl Htrniijht Hues (owtinls th** samt* are ihevh 

ttrJrrn ttj^unl omi paralUL 



l/'t AB atul CO <*«|uh 1 nti<l Ktrui;4ht lini>K; 

nu»l I'*t (Ihmu Im* towanls ilu? t«uu<‘ jiurlH hy tlio 

Straight iiiu*’ AC aiul BD: 

tluiu Hluili AC and DO !«' oijual and |Miralh‘l. 

Comtnicf io)i. dt»in BC. 


rrtt^f Thru Inransr AB and CD ui 

llUH'iS tlu'Ul, 

tliondore tlit^ ultornat<^ angles ADC, BCD art' t^jual. 

Nt»w in tia* trianglt^ ABC, DCB, 
r AB is tMjnal to DC, 

I and BC is rominnn t»» 

)aiso tin* aiigh^ ABC is to iho 


Ik 


*caus<* 


DCB; 


jwimlh l, anti BC 

1 . 21 ). 

Ihjp. 
angle 


Vrovtd, 


therefore tlie triangles an? tHpial in all rt'Sji€H*ns; i. 4. 
so that tin* l»ase AC is et|uai to the Imse OB, 
and tin? angle ACB eijual to the angle DBC ; 
but these are alternate angles ; 
theiefon? AC and BO an^ jtamllel; \. 27 

' and it Ikus In^i'n shewn tiiat they are also wjuaL 

q. K. u. 


Dkfikition. a Parallelogram is a four sided figure 
wliose opposite sides are parallel 
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Fm>pi>«iTio?f 31. 

Th^ ifulrg ami itmjUn o/ a fHit'uiiffmjra$n nri* 

^qual to one antHher^ ami each liiatjotial /nWrfai the fMralhh^- 
g^ram. 


O 

Ii<*t ACDB U* a )>aralit*lu^raiit« of wliirh BC in a 
tlM*fi hlmll tlm* KiiloK Hiul imi'los t>f tho lai 

oijual to ono another; aiul tho <iiagonal BC hliall liiMvi it. 

AB and CD aro jmrallt‘1, and BC liuM'tii 

tlitfin, 

tln‘rt*fore tin* altoniato aiij^los ABC, DCB ar^f ripuil. I. ‘JU. 
Aj'ain, lH‘oau.M3 AC and BD am |Mirallid, and BC iinflM 
tlinin, 

tiinmfort* thn altornatn an;;l* s ACB, DBC am rtjual. i. *’J. 
Heiitv in tLv Iniiiiglvs ABC, DCB, 
tiio angle ABC is equal to the angle DCB, 
and tlie angle ACB is equal t<» the angle DBC ; 
also the side BC, which is mljncejit U> the equal 
angles, is isanniou to l»oth, 
then-for*' the two triangles ABC, DCB are etjual in iill 

resjK'cts; I, *^0. 

so that AB is (S|ual to DC, and AC to DB ; 
and the angle 8AC is e<|Ual to the angle CDB. 

Also, ix?cauM* the angle ABC is equal to the anght DCB, 
and the angle CBO equal to the angle BCA, 
therc'fom the whole angle ABD is equal to the whole angle 
DCA. 

And since it has Islhui shewn that tite triangh*s ABC, DCB 
are e<jual in all n^Kfxnds, ^ 

therefore the diagonal BC liisetda the jMirallelograiu ACDB. 

V. K i* 

(S«« aoU; ou next 
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Note. To Hi© wUkb ii h«.ro given Em Utl «ii njmlicn- 
tkn of Pro{>oiiitiuu with a view to thawing that th© triang)«t ABC, 
DCS are ««t|Ual ami, aiKl tiuit thrivfore the diagonal BC Haeeiii the 
mrallelogmm. Thia equality of nrra w however aufBHenUy cwtahliahed 
hy the ate|i which de|iendii upon i. *i6. [H«e page 4». J 


EXt:iU*l8KH. 

1. // one an^U <*/ a is ft rujht attnjle^ oil nmjh.g 

rtiY riijht (tntjlta, 

2. 1/ the ojijMmUr. guir'^<f »/ tt tjnwh iUitcrxil art espial, the fiijurt u a 

3 . // the oj/jiMosUe tintjlcjt o/ a >iundrilnltr*U art epial, (hr Jiptre it 
a ptralh iojmm, 

4 . /f a tiutidr ilataal has all its sitkg equal and onr an jl^ a ri^jht 
aufjlt, all its anql'g are right angles. 

r». The diagomU of a iHiralUlogram hieert each other. 

<1. If the diatjouaU of a ipuidnlateral biMtct each other, the jigure 
in a jHiraficlogram. 

7 . If two op|x>«ito uiiglcH of a i>anUlelograni are hiaccted i»y Uie 
diagonal which juina tlRin, the figurti i« e<iuiIuU'iul. 

8. If the diagonals of a puruliclogmiii are 0 (|ual, all ite augloa are 
right angloR. 

0 . In a paralhlograiii wliieh i« not rectangular tho diagonale are 
unciiuah 

10, Any etraighl line drawn through tho middle i)oint of a diagonal 
of a )>aralU«logruni and ternunated by a pair of opinmie aidest, in 
biikH^tod at that |Kdnt. 

11, If (wo fHtrallelograntg have two ai{jacent sides of one equal fo 
ftfo iif^aoml sides of the other, each to each, and one angle of one equal 
to one angle of the other, the jmralleh^rams are eqtml in all retjwcU, 

12, Two rectangles are equal if (uo uf^jarent sides of one are 
equal (o two atf^acent sides of the other^ each to each, 

18 , In a t^arallelogram the perpendicolani drawn from one pair of 
opiHNUte augiee to the diagonal which Joine the otlier pair are equal* 

14 , If ABCO ia a parallelogram, and X, Y reepeetiveiy tho middle 
pointe of the aidet AO, BC ; ahew that the figme AYCX ia a pamilelo- 
gram. 
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MtilClIXAJieoOS CXKltCtSKS OS HKCTiOKS 1. AKt> IL 

1. Hhew tliai Uu! conftmciioQ in r*ro|Histtion % muj {jenijrmily be 
|»erfomitMi in eighi diHereot wmy«. Point out the excvpiionai ctm. 

3. The bi«cetor« of two Yertioally opposite nnglee arc in the name 
niraight line. 

8. In the fii^re of Pro|>o«utiuu 16» if AF w joined, elwfw 

(i) that AF k equal to BC ; 

(ii) that tbo triangle ABC U e<|ual to th*> triangle CFA in all 
leaiMMTU. 

4. ABC in a triangle right angled at B, and BC U produood iu O : 
abew that the angle ACO is ohtitae. 

5. Shew that in any regular polygon of n atdee ea<di angle ooniaiiia 

2(w-2) . . . 

— — * right angles. 

6. Thfi angle contained by the bii»ootorH of the angles at the base 
of any triangle in equal to the vertical angle togetlier with italf Uio 
sum of the angles. 

7. The a^le coDtain«jd by the bisectors of two exU*ri*»r angles of 
any triangle is equal to half the sum of tlie two ourres{>ondijig interior 
angles. 


8. If perpendiculars are drawn to two intersecting straight 
from any point between them, shew Uiat the bisecUjr of the angle 
between the perpendiculars is parallel to (or coincident witli) tlio 
bisector of the angle between the given straight lines. 

9. If two points P, Q be Uk*.»n in the equal sides of an isosceles 
triangle ABC, so that BP is o(|aal to CCt, shew that PQ is parallel to 
BC. 


10. ABC and DBF are two triangles, such that AB, BC are <*«iaal 
and narallel to DE, CF, each to each; shew that AC is eitual and 
paraUel to OF. 

11. Prove the second Corollary to Prop. 33 by drawing through 
any angular point lines parallel to all the udas. 

13. If two aides of a quadritaterml are parallel, and Uis remaitiing 
two sides equal but not parallel^ shew that the opposite angles ats 
•ttfqdeinent^; also that the diagonals are equal. 
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TIIK AKEAH OK KARAtLKLiMiUAMJ^ ASU TKIAN*CiLE«. 


Hitherto when two ti^irew have Un?n H4ii<i U) \h* it haa 

l>eoii implied that they are that i^, iM|ual in all 


In Set^iioii HI. of KuclidH firnt wv have to eoimhier 

the iHpnility in arm (»f jMrallehv^Tanis and trianglea which art* 
not neceaMarily cxpial iii all ; 

[The ultimate Uitt uf (K|uality, m we liave already la^en* in afforded 
by Axiom H, which a«4«ertM that tnagintudej) which rmy be made to 
coinride with one another are equal. Nc»w tlj(urt»« which are not idonti' 
cally equal, cannot l>e made to coincide a'iihout fintt underling aome 
change of form: hence the inetluMi of direct eufwrpogition w unauited 
to the purpose* of the pn*Ht'nl motion 

We altall ace however from Kncltd'a prwf o( Pro|)oaition 35, that 
two hgurea which are not identically iH|ual, may nevertheleaM be ho 
rehUxi to a third figure, that it is pt>«Kible to infer the equality of 
their area*.] 


DKI'ISITIONa. 

1 . The Altitude of a jMirallelograin w ith n»f«*renoe to ti 
given side as Imse, is the perjH*ndicular distance Ijetween 
tlie base and the opfwmite side. 

2 . The Altitude of a triangle w ith reference to a given 
aide as base, is the perpendicular distance of the 
vertex from tlie 
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PRoroniTfox 35. Thkohrm. 


P on th^ mtny* hoM^ ami thtt 

jHiraJl^h^ are tqttal tw arm. 



the p^inillflogniiim ABCD, EBCF Im on the fiatiie 
IttUM' BC, and the Hjune jMinilltdii BC, AF : 

then 8hall the j^andlelognun ABCD U* t*4|Ual in area to 
the [Mirallelograiu EBCF. 

('a 8E I. If t lie Hide« of the f(iv€*n j>aralIeloj 4 ram 8 , o|)j>o 
site to the cotninon l>a8t'» BC, are tenninaUHl at the Kain»» 
[xiint D: 

then liecau$ie eu<*h <»f tlie parallel o^raniK im douhh* of the 
trian^deBDC; i. 31. 

thei*efore they ar*^ equal t^) otie another. dj’. <i. 

II. But if the sideA AO, EF, op|>OHile to tlie haiw^ 
BC, j\n> not teniiinated at the fiaiae |*f»int: 

then IxHrJiu.K#* ABCD is a iwimlleloj^nun, 
tlieri'for** AD is «Hjual to the ()pj)osite side BC ; I, 3i 
and for a similar re^iH•»n, EF is <sjual to BC ; 

therefore AD i.s »sjual t4» EF. Aji, 1. 

Hen<*e the whole, or nnnaimler, EA is equal to the whole, 
or nuiiainder, FD. 

Then in the triangles FDC, EAB, 


! F0 is €H|ual to EA, Pntefd, 

and DC is <s]Uai to the opp«>siie side AB, 1. 34. 
also the exterior an^le FDC is (y^ual to the inUtnoi 
opposite anijle EAB, I. 21^. 

therefonF‘ the triangle FDC is e<|ual to the triangle EAB. I. 4. 

From the whole figure ABCF take the triangle FDO ; 
and from the same figure take tlie equal triangle EAB ; 

tlien the remainders are equal ; ♦ Ax, Z, 

that is, the parallelogram ABCD is equal to the parallelo 
gram EBCF. q.R,D. 


m 


muoimm 


PE0l>0fHT10N ThEORRM* 

Paralhlngram$ on oqnal baseM, and hHwom iho name 
XHtralhhf ar*i rfjual in area. 



Id^t AQCDf EFQH \io paralHoj^ramn on or]UAl liosos BC» 
JrOy aiul lH^twf*oii ilio HAUio imrallelg AH, BQ: 
them sliiill tho }iamll4‘lograiti A8CD lx* <*<[ual to tho [mral 
U‘lo^nitn EFOH. 

Comtmctlofu Join BE, CH. 

Proof. Then l>€H*aum' BC is 04|ual to FO ; //>/;>• 

and FQ is e<iual tc» tho opj>ofiito side EH ; n 34. 

then*foiv BC is equal to EH: Jx 1. 

and they are almi jxiniUel ; 

theri'foro BE and CH, which join them Uovanls the sariio 
jwiris, are a1s<i equal and jw^rallcl. I. 33. 

Thewffw EBCH is a }>aralh‘lopTirn. Prf 26, 
Nnw the juinillclognim ABCD is f^jual to EBCH ; 
for they an^ on the same Iwise BC, and lietweeu the same 
pimllels BC, AH. I. 35, 

Also the j>nrallelo4'ram EFQH is etjual to EBCH ; 
for they are on tiie same I»as4* EH, and lx*tw<***n the same 
piirallela EH, BQ. l. 35. 

Tliereforc' the i^xmlleloj^ram ABCD is e4|ual to ttie paml< 
leloj;raiM EFQH. Ajc. 1. 

q.K.v. 


From the last two Propc«itions we infer that : 

(i) A pamUdoqmm u fxj^l in omi to a rfdan^h of 
bam and eifual alUhtdr, 

(U) PartdldoiframM on tquai ha-tm and of eqmd altUudm 



BOOK I, raor. 37. 


(ill) Of tm* jmroiltilogmmM of efual aUiiad^ (Aai it 
ftktch hti* the ; ami of 

OH InistM^ that is (he wAiVA has (he gre%Ue^ 

altUmie. 


raopoHiTioN .*17, Thkobicm. 


Trintojies on the sarne Intse^ and hHtt^n the mtme futmi 
le.ls, are etpad in area. 



tho triangh^ ABC, DBC ujmmi tlii! BC, 

aiul the kioiK' jwimlh^ls BC, AD. 

Tlu*ii lilmll the triangle ABC iMMnjual t4> the triangle DBC. 

Construction, Through B tlraw BE |«inillel t4» CA, to 
meet DA pnxluciHi in E; f. 31. 

througli C draw CF pirallel to DD, t4i AD pnnlueed in F. 

PnHpf, Then, hy coimtnietion, eiicli of the tigureh EBCA, 
OBCF is u jwiraltel<»gruui, !>ej', 1U>. 

And EBCA in equal to OBCF; 

for tliey art* on the jwiuie l>a«4» BC, uiifl Ix^twr^^ii tite tuiine 
piindlels BC, EF. I. 35. 

And t!ie triangle ABC k half of the |>aralleh>graiii EBCA, 
for th<? diagonal AB biK«*et» it. h 34. 

A1s 4^ the triangle DBC in half of the pmillelogram OBCF, 
for the diagonal DC hificcta it. l. 34. 

But the halvoB of e^jual things are eijuat ; Ar, 7. 
then^fore the triangle ABC in c*<({ual to the iriangle DOC. 

Q.K.ft 


[Fur Exeroimw 7iJ.] 
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tUn.lD’n KI.KIIKK'DI, 


PkOPO«ITION HS. THKORr.M. 

TriaiujUn on et/toi/ anri mme ^>am//<r/ir, 

nrif equal in area. 



f>‘t tli<^ trian^li'H ABC, DEF Ik* on BC, EF, 

and li»*tw<H‘n thi* wiuie parallels BF, AD ; 
then shall the triangle ABC U* equal to tie* triauj^le DEF. 

Construct ion. Through B draw BG jwirallel to CA, to 
nu^'t DA pHslurtsl in O; l. 31. 

thmugh F dmw FH |Mirallel t<i ED, to me**t AD prfxlut'efi in H. 

Prmtf. 7'hen, by const ruet ion, each f»f the tlgmvs OBCA, 
DEFH is a parallelograin, I)f/. *Jb. 

And GBCA is #H|ual to DEFH ; 

for they are on etpial 1wim*.s BC, EF, and U*t\v«*«‘n the same 
[Mirailels BF, GH. 1. 3(1. 

And the triangle ABC is half of the jMiralielograni GBCA, 
for the diagonal AB bistvts it. I. 34. 

Also the tnangle DEF is half the jwtrallelognun DEFH, 

for the diag(mal DF bisec-ts it. I. 34. 

Btit the halves of equal things are eijual: J.r. 7- 

therefoiv the triangle ABC is equal to thf* triangle DEF. 

g.K.n. 

From this ri'ojxxsit ion we infer that : 

(i) Trunojirm i>n etpoil iiH*l nf ojmtl aUituile ai't etjtHal 

in itriHt. 

(ii) Of ttro triaupJrf of the mme aUitmh^ that is the greater 
Khich hm the (/reater tmse : and of tin* trianqi^s on the mime base^ 
or tm equal that is (he (preaier trhieh has the greater altitude, 

[For Exercises see page 73.] 



I. pnor. 31^. 


n 


i*ROI*0«ITl<»S Throhicii. 

Equal triawjUn on ik^ mtm hast^j nmt on //i«* miu*r xitltf 
of ity ar*^ ike m^uui jMirallrh, 



L<*t tiu* triaiifrlf^ ABC, DBC wliirli stjiiid (»h tlu* siiin«» 
IwiM* BC, and on the hhiiu' md«^ of it, Ik^ t*<]ual in an*a 
then kIiuII they Iw* WtwfM*n the Rfiine jmrallelH ; 
that is, if AO la* joine<l, AO shall la* |Mirallel tc» BC. 

Pouetruction, For if AO \>o not pirallel t4> BC, 

if {>ossihle, thr»>tj;;}i A draw AE jwiralJid to BC, I. *U . 
nieetiin; BD, or BO |>nalu<ed, in E. 

Join EC. 

yVtMi/’. Now the trian/ile ABC isf*<|ual to the t Handle EBC, 
f(»r tht'Y are on the sjiine Imi-ho BC, ainl la*twf‘en the jMinie 
pirallels BC, AE, i. J7. 

lint the trianj^le ABC is e^jual to the triangle OBC ; /////'. 
ther»*fon* ais<> the trianj^le OBC is e<|ual to the triangle EBC ; 
the whole e<^uji] to the iMti-t ; whic h is iinj>oHsihle. 
Therf*fore AE is not |Mirallel to BC. 

Similarly it can l>e shewn that no cither KtraijLfht line 
through A, excc*|>t AO, is j*arallel to BC. 

Therefore AO is |iara]|el to BC. 


From this ProjiORitioii it follows that : 
Equal irtaufjlex on the mine Itaee /miv eiptal 


{For Exercises s<*e page 73. j 
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vocLin'n ELKMcifm. 


rrioiHximoN 40. Tiikorkm. 

l^qual irliinglrM, on eqml hnmB in tfu! mom HruigfU lin^^ 
and on 0^ mme $uU of it, are beiuj»i!^ ihe mttm pomlleh. 



Jjet tlu? triiin^^W ABC, DCF whicli stand on ocjnal l)a#w^s 
BC, EF, in tho funno simight lino BF, and on tho wimo sidt^ 
of it, Ik» fVjual in an^ii : 

thon shall thoy l>c*tw«M'n tho wuno |wiralU*ls; 
that is, if AD U) joitjinl, AO shall lio [winilhd t<» BF. 
Comfmctuyn. For if AD )m* not imndlol to BF, 

if p>ssihlo, through A draw AG jmrallol to BF, i. 1^1. 
nnvting ED, nr ED prfxluoefl, in G. 

Join OF. 

Pr(m/. Now tho triangle ABC is (H|ual to the triangle GEF, 
for th<*y are on <x|nal bases BC. EF, and lKHwt*«?n tho 
f ame parallels BF, AG. K 38. 

But the truujglo ABC is equal to tho triangle DEF : ////;>. 
therefore also the triangle DEF is ocpial to tho triangle QEF ; 
tho whole fspial to tho pfirt ; which is iin{)assible. 
Therefore AG is not parallel to BF. 

Similarly it can lie shewn that no other straight line 
Uirough A, except AD, is parallel to BF. 

Tlierefore AD is |mraUel to BF. 

q.E,n. 

From this ProjK)sition it follows that : 

(i) Equal trmwjkst on tqunl boMS bam equal fdiUude^ 
^i) Equal trlawjh* qf equal aUiiutles lutm equal l*amuL 



ExiiOHKa ox rftora 37 — 10* 
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EXEBCmXS ON f*KOI*08mONN 37 — 40. 

Drfikitiox* Eilch of the three atrmiglit linat which joiu 
tlie angular points of a triangle to the middle pointa of Uie 
opposite sides is called a IfedlAn of the triangle. 

ON pBor. 37. 

1 . U, in the 6gure of Prop* 87, AC and BD iotemeei in K, shew that 
It) the trianp^ AKB, OKC are ef|ual in area. 

(ti) the quadrilaterahi EBKA^ FCKO are eqoal. 

2. In Uie hgnre of i. 10, shew that the triangles ABC, FBC are 
c<|ual in ana. 

3. On the base of a given triangle constmcl a aeoond triangW, 
e«}tml in ana to the Orst, and having its vertex in a givt*n straight 
iim*. 

4. Describe an hawsHiles triangle tj«jual in area Ui a given triangle 
and standing on tlie saitie has*.'. 

ON l^r. 38. 

5. A triangle it ditided hg eoeh of its medians into twa parts of 
equal area, 

0. A |)aralle]ogram is divided by its diagonals into four triangles 
of equal ana. 

7. ABC is a triangle, and its liase BC is biseeted at X ; if Y 
U* anyr point in the median AX,sh«.’W tiiat tlu^ triangles ABY, ACY anr 
is|ual in area. 

8. In AC, a diagonal of tlw? jiaralhdogram ABCD, any iK>inl X is 
taken, ami XB, XO are drawn: show that tlie irtangle BAX is €M]ual 
to the triangle OAX. 

9. If two triangles have two stdea of one respectively equal to two 
sides of tlie other, and the angUw contained by those sithw supplement’ 
ary, Uie triangWa are equal in area. 

ON pRor. 39. 

10. The straight line which joins the middle paints of two sides of 
a trmngle is partUUl to ike third side. 

11. If two straight lines AB, CD intersect in O, m that the triastgle 
AOC fJ equal to the triangle DOB, skew that AO and CB ye parallel. 

ON l*Nor. 40. 

19. Deduce Prop 40 from Prop. 39 by joining AC, AF in the 
figure of page 72. 
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KLKMKsm. 


pROPOftlTlOlf 41. Tif KORKU. 

If a fxtralUh^^ram arul a iriafufle he on Ute mitm bam 
ami betuxrn (he mrne fxtrallfU^ (h^ jmmlh^lo^rnm mUoII 
douhh of the triangle. 



l>‘t tlio |uinilU»I<»j^nn!i ABCD, ao<l tho EBC 

iijHJU Iho HiiiiiO BC, and the .same immllela 

BC, AE : 

iIhmi ahall thn [MinilUdo^min ABCD Iw* doubloof thf‘ triangle 
EBC. 

Conetruction, Join AC. 

Proof. Then the triangle ABC is <Mjua] to the triangle EBC, 
for they are on the wiine Imw' BC* and U'fween the Kiiine 
jMvrallels BC, AE. I. 37. 

Hut the imrallelogmni ABCO in douldi* of the triangle ABC, 
for the diagi>nal AC his^vta the jmmilelognini. 1,34. 
Thei'efore the jMirallelograin ABCD i.s .also dnuhl*^ t»f the 
triangle EBC. 


KXKIM'ISKS. 

1. ABCO in a {mraUvlognun. and X, Y are the middle point* of 
the Hid«*H AO, BC; if Z is any in XY, or XY produced, shear 

that the triangle AZ8 is one quarter of the parallelogram ABCO. 

9, Describe a right-angled iaoaoeles triangle equal to a given square. 

S. If ABCO is a parallelogram, and XY any points in DC and AO 
reiqwctively : shew that the triangles AXB, BYC ate equal in aim. 

4. ABCO is a parallelognun, and P is any point within it ; shew 
mt the aum of the triangles PAB. PCO is equal to half the parah 
kilogram. 


moK I, nor. 
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pKuPoifiTiux 42. Pkohlkm. 

To tirscrdtr a /i^irviZ/rAjyrfiwi that tfhnil Ikf etpotl (o tt tjivtn 
IriangUy afui hort one of iu amjUi^ tv a tjif'en (iir4^lr. 



BBC 


ABC Ih? t!io j(iven triangle, arul 0 the ji^iveii angle. 

It in re<|uire<i to dejicrilM? a ixiraileiogmiti f*<jual to ABC, and 
having one of it« aiiglen e<{ual to 0. 

Conjt(niefi(Oi. BC at E. I. 10. 

At E in CE, make the angle CEF imhihI to O ; I. 23. 
tlm>ugli A draw AFG |wtraliel to EC ; l. 21. 

and thnmgh C draw CO |>arallel to EF. 

Then FECQ tihall In* the fM&mllelograin ri*i|uin‘d. 

•loin AE. 

Proof. Now the triangles ABE, AEC arf* 
for tliey ant on tvjual l>a.ses BE, EC, and U^tween the wune 
|)arallels ; 1. 2S. 

tlien»fon‘ the triangle ABC is double of the triangle AEC. 
But FECQ is a jM4ralIeh»graiii by c‘onstnaetion : Ihf. 20. 
and it is double of the triangle AEC, 
for they an> on the name l>aKi^ EC, and l>etwei‘n the wiiite 
ymmlMH EC and AG. I. 41. 

Then»fore the j>arallelograiii FECG is e<jual to tin? triangle 
ABC; 

and it lias one of iU angles CEF e<jual to the given angle 0. 

E.r. 

KXKROISUi. 

«> 

1. t»ew:ribe a paralklograin aqtuil to a given aiuare utanding on 
the same base, and having an angle equal to half a right angle. 

% Describe a rhombos equal to a given paraUelogram and stand* 
ing on the same base. When does the conatruction fsilt 



76 


ECCUDtt ELXJiXNTS. 


Dkeuvitiox. If in the diAgonal of a pamilelograin any 
point is tak<m, and straight lin«« are drawn through it 
parallel to the sides of the parallelografn ; then of the four 
{larallelograrns into which the whole figure is dividend, the 
two through which the duigonal are called Ftod* 

lelograms about that diagonal, and the other two, which 
with these make up the "whole figure, anj called the 
complomento of the ftarallelograms alx>ut the diagonal. 

Thus in the %ura ^iven below. AEKH. KOCF are parallelogranoi 
about the diaf^onzU AC; and HKFO, CBQK are the complements of 
thoee paraUelograms. 

Note. A parallelogram is often named by fire leitem only, these 
being fUaoed at op{K)«ite angular |H>inta 


Pttut* 08 iTi 0 K 43. Theoiuem. 

TAe compleiiietits of f Ae jHtralldogrmm oAonf the diagonal 
of any yximiWoyrafu, are equal to one anotlier. 



Ixst A BCD 1x3 a parallclognun, and KD, KB the coniple- 
men is of tlie parallelognuus EH, OF about tJie diagonal AC: 
then aliall the complement 6K be ei|ual to the comple- 
ment KD. 

Proof, Because EH is a parallelogram, and AK its diagonal, 
tlierefore the triangle AEK is equal to triangle AHK. i. 34. 

For a similar reason the tiWigie KQO is equal to the 
triangle KF<X 

lienee the triangles AEK^ KQC are togetlier equal to the 
triangles AHK, KFC. 
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But the whole triangle A8C i» ec|ual to the wliole triangle 
ADC, for AC bisectis the parallelognuii ABCO ; t. 34. 

therefore tlio remainder, tlie coniplemeut BK, i« equal to the 
remainder, the coiiipletweut KO. Q K.n. 

KXEHcmK:4. 

In tl»€ tij^nrc uf Trop. 43, pn>To that 

(}^ Tho (mmIU'lognuii CO ii* C4<]iml the fwnUleto^nun BH. 

(ii) If KB, KO are joined, the triangle AKB te ecjoal to the 
triangle AKO, 


PkoI* 0»ITION n. PHOftUCM. 

To u yiern straight Hn*: to apply a fmralhlofjrtim whith 
»}uiU be equal to a yiven trianyle^ and have oty: of %Jt$ anyUn 
equfU to a anyU. 



liet AB Ije the given straight line, C the given trianglir, 
and D the given angle. 

It is re<^uired to apply U> the straight line AB a jwiral* 
lelogmiu equal to the triangle C, and liaving an angle equal 
to the angle O. 

Consirurtion, On AB produced descrilje a parallelogmiu 
BCFQ equal to the triangle C, and lia%irig the angle C60 
equal to the angle O; I. 22 and l. 42*. 

through A draw AH parallel to BQ or £F, to me<;t FO pro* 
du<^ in H. I. 31, 

Join HB. ^ 

* This step of the oousimotion Is effected by fizit desoribiiig on AB 
prodtioed a triangle whose sides are tespoetively equal to those of the 
triaiigki C ft. 33); and by then making a paraOelogmm equal to th# 
triangle to mvn, and haring an angle equal to O (t. 42). 



KUCUD'k^ KX^KMEKTIi. 


in 



Thtni Ihjchuh*? ah hiuI EF an^ anti HF tlit'iii, 

th«*n^f<nx} th« angles AHF, HFE art‘ together iNjintl to two 
right angles : i. 2D. 

hoiico the angles BHF, HFE art) togt*t)ier less than two 
right angles; 

then*fore HB aiul FE will meet if j»naliieetl towanls B 
and E, Ax, 12. 

PnKhiee them to ireet at K, 

'I’hrongh K dmw' KL iwirallel to EA or FH; 1. .11. 
and jiHKluee HA. GB to KL in the {loints L and M. 

Then shall BL lat the pamllt lograin ixMjuirtHl. 

Proiff. Now' FH LK is a jMH*Jillelogniui, Con^tr. 
and LB, BF an^ the eoni[>lements of the jMimlhdograms 
aljout the diagonal HK: 

therefon> LB in equal t-o BF. I. 43. 

Itut the triangle C is et{U{il to BF ; (\nin(r, 
llK*rt*foiv LB is e<|ual to tin* triangle C. 

Anti UvaiiHt^ tln^ *^*^gl*’ QBE is et|ual to the vertically oj»}>o- 
site angle ABM, l. 15. 

and is likew ist' tM|ual to ihtt angh' D; (/ofufir, 
theH'foit* tlie angle ABM is e«|ual t<» the angle D. 
Theivfort^ the juvraUeU>gram LB, which is appliinl to the 
St might line AB, is iH|ual U> the triangle C. ami has the 
angle ABM iH|Ual t<> the angle D. 
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pHi>PCMIIT10!< 45. PROBtKH. 

To dein ribe a pamlitJo^^m equal U> a given rtciilitmU 
figure^ and Uavitig an angle ^md to a given angle. 



Let ABCO 1m 3 the given nM^tiliiieal figure, and E the 
given angle. 

It i« recjuireti to tlm^riU^ a paralhdogmm (H|ual to ABCO, 
and having am angle equal to E. 

Huppoae the given re<.*tilineal figun^ to l>e a i|cadrihiieral. 

Cofuslrtieiioft, Join BO. 

I>e8cnlx' the parallelogram FH equal the triangle ABD, 
and having the angle FKM ♦'^jual to the angle E. I. 42. 
To QH a[>ply the }»firallelograiii OM, equal to the triangle 
DBG, and having the angle OHM <*<jual to E. l. 44. 

Then ahall FKML be the pirallelogmm n*quire<L 

Proof, Because each of the angles OHM, FKH is ec|ual to E, 
therefore the angle FKH i« e<|ual to the angle OHM. 

To each of these e<juals add the angle OHK ; 
then the angles FKH, QHK are together ei|ual to Ute angU^s 

OHM, OHK. 

But sinc^ FK, OH are {larallel, and KH meets them, 
therefore the angles FKH, OHK are together equal to two 
right angles : i. 29. 

therefore also the angles OHM, OHK are together equal to 
two right angles : 

therefore KH, HM are in the same straight line, i. 14. 


XL & 
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Ki.KMEirm 



U*<‘au.v^ KM, FO ar<‘ jWiralU^l, anti HQ tlu^in, 

tlir rt]tf*rnat<' rin;^li*.s MHG, HGF are CMjiuiI : i. 29 
to farh of thojM' <M|ua!s ad<l the HGL ; 

then the aii^len MHQ, HGL ar«‘ together etjual t<» the aTij;]ea 
HGF, HGL. 

liut i>»*<‘aUH#^ HM, OL art* j^iiallel, au<l HQ them, 

tlienf’fore the MHO, HGL are together <Hjual to 

two I ij'lit angles; i. 29. 

ther«»fore aW> the angle« HGF, HGL are t4>gether iM|Ual to 


two right angles : 

ilierefore FQ, OL are in tin* same stmiglit line, i, 14. 
Ami lx*oaus4' KF ami ML aiv eneh jMirallel t4> HQ, fVou/r. 

then*f<»n* KF is j«iraliel to ML; I. .*10, 

and KM, FL are parallel ; 

Iherefon* FKML is a j>aralleh>grani. I>e/. 21*. 
And lxM*ans<» the iwirallelograin FH is e<|ual Xi> the triangle 
ABD, Con^tr. 

and the jxirallelogmin QM to the triangle DBG ; ('on^fr. 


tlnwfon^ the whole jmnillelograin FKML is fxiual to the 
w hole fjgun^ ABCD ; 

and it has the angle FKM etpial to the angle E. 

\\y a s<*ne« of stinilar steps, a jKirallelogram may lie 
mnstnieted ei|ual to a nvtilineal ligure of inoiv than four 
sides. <}.E.F. 
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PaopofiTioE 46. PRoaLSM. 

To dtscrih^ a square on a ^vm% Biraujhl 

c! 



AB Ik* tli«* j^ivrii straight lino : 
it is to clfserilM^ a M<]uan* on AB. 

CoHitfr, From A draw AC at riglit angUn to AB ; I. 11. 

and make AD e<^ual to AB. I. 3. 

Thnmgh O dniw OE parallel to AB; i. 31, 

and through B draw BE jmnille! to A0» itifv^ting D£ in £. 
Then shall ADE6 l)e a g<juan\ 

For, hy construction, AOEB is a jMirallelogmm ; 
therehire AB is eipial to DE, and AD to BE. I. 34. 

But AD is iH|ual to AB ; Coftsir. 

therefon^ the four straight lines AB, AO, DE, EB aro iN|ual 
to one another ; 

that is, the figure ADEB is (H)uilaterai. 

Again, since AB, OE are parallel, and AO tniK^U them, 
therefore the angles BAD, ADE are togt*tlu‘r equal to two 
right angles ; i. 29. 

but the angle BAD is a right angle ; Von Mr. 

therefore also the angle ADE is a right angle. 

And the opposite angles of a }iarallelograin are equal ; i. 34. 
therefore eacli of Uie angles DEB, E8A is a right angle : 
that is the figure ADEB is rectangular. % 

Hence it is a square, and it is described on AB. 

* q-itp. 

CoROLLART. If one atigU of a pwrtUUlo^am U a rigid 
amgle^ all ds anglee are rigAi anglee. 


e— 2 
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KLKHEIfTt. 


Phoh>hitiun 17. 

In a riffhi-anglml triangle Ute square dtxrrih^d i>t* the 
ypoienttM ie equal to mm of the e/ptareit dreerib^l on 
lie other two nvi*>9. 


G 



liPt ABC a ri^ht-rtn^Uni triai»^U\ tl»*' niigU^ 

BAC H riglit angle : 

then kIihII tbo Kijuan^ descrilKHl on fl»e hyjM»teriUHe BC U' 
iM|ual to the «uin of the on BA, AC. 

Oimstructian. On BC deseriUi the K<|uare SPEC; i. 46. 
and on BA, AC deiicrilie tlie stjuaivs BAQF, ACKH. 

Through A dniw AL |>anillel to BD or CE ; I. 31. 
and join AD, FC. 

/Vocj/*. Then )KH*ause eacdi of the angl<\s BAC, BAG is a 
right angle, 

tlierefore CA and AO aiv in the sfinte stnught line. i. 14. 

Now the angle CBD is ei^ua! to the angle FBA, 
for aach of them is a right angle. 

Add to oaeh the angle ABC : 

then the whole angle ABD is ec|ual to tfie whole angle F8C. 



BOOK I. fBOl*. 47. 


m 


Tltvn ill tho triiui^'U^si ABO, FBC, 

I AB is equal to FB, 

" arui BO ts injual to BC, 

itic angle ABO is equal to ilie angle FBC ; 
therefore the triangle ABO is equal to the triangle FBC. 1.4. 

Now till*, jiarallelogmm BL is double of the triangle ABO, 
for they are on the siUiie Ijaise BO, and between the same 
parallels BD, AL. i. 41 

And the M|uare G8 is double of tlie triangle FBC. 
for tliey are on the luuiie liase FB, and la^twitiuj the Siune 
[«imlleU FB, OC. I. 41. 

But doubU^H of et|ualK are equal : Jx. 0. 

tlierx'fore the pfintUelognun BL is ei|Ual U) the S4|uare QB. 

In a similar way, by joining AE, BK, it am lai sliewii 
that tbe pjirallelognirn CL is equal to the squan? CM. 
Tlten^fow the whole s<|uarc* BE is e<|ual to llie sum of tbe 
sqmm^s GB, HC : 

tliat is, the fk|uun? descrilied on the hy[>otenuKe BC is equal 
to the sum of tho squanrs dt?scTilM*<l on tfio two sides 
BA, AC. q.K.n. 

No*tk. It i» iU‘t lu.'ix'Hwarv to tlu? |>nw>f of thU I'n>|)osition ihal 
tV»e thrw miuari'S should U* chscnU^d rrfrrmtl to th© iriangh; ABC; 
and sinci* emch S(|uare may l«e drawn eitiwr tottards or atnttf Jhm tlw 
truiugh*, it may Ik ahown that there ara 2x2x2, or poaulhlo 

construction 


KXKttCI»K.H, 

1, In Ui4! figure of this i'ro{H»Hition, sliew tliat 

(i) If BO, CH arc joinetl, Ukiw? straight Unes are |iaralk4; 

(ii) Tlw points F, A, K are in one straight Unc; 

{Hi) FC and AO arc at right angkm to on« anoUtcr ; 

(tv) If OH, KE, FO are joined, the trUingle qXh is equal 
to Uk giicii triefigie in all respects; and the triangles 
FBO, KCE are ea<^ eutiml in area to the triangle ABC. 

[Bee El. 1». p. TIL) 
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pKorosmoN 48. Tbeorkm. 

J/ f/i« de^crihed on am nde of a trinn^h be equol 

to the mfn of the equarejt described tm the other two eidm^ then 
the attffle cmdainmi by these two sides AoU be a riyht angle. 



ABC li iriiuigh; ; anil let the square descriUKl on 
BC 1)0 equal to the sum of the squares descril^ed on BA, AC; 

tlien shall the angle BAC be a right angle. 
Comtruetion. From A draw AD at right angles to AC; 1. 1 1. 

and make AD equal to AB. l. 3. 

Join DC. 

Proif Tlien, l>ecau»e AD is e4|ual to AB, Constr, 
theii'fore the squan^ on AD is e<jual to the square on AB, 
To each of these add the square on CA ; 
then th(« sum of the K<|uare6 on CA, AD is equal to the sum 
of the squares on CA, AB. 

But, l)ecaus© the angle OAC is a right angle, Constr, 
therefore tlie square on DC is equal U> the sum of the 
squares on CA, AD. I. 47. 

And, by hypothesis, the square on BC is equal to the sum 
of the mjuares on CA, AB ; 

therefore the s^iuare on DC is equal to the square on BC; 
therefore also the side DC is tH|ua] to the side BC. 

Then in the triangles DAC, BAC, 

DA is equ^ to BA, Comir. 

ajid AC is common to both; 

ause 4 third side DC is equal to tlie third side 

BC ; Proved. 

therefore the angle DAC is ^ual to the angle BAC. L 8. 

But DAC is a right angle ; Consir, 

therefore also BAC is a right angle. q. e. d. 



EXERCISES UN HOOK 1. 


OS THK lOKNTlCAL KQCaUTV or TUIANOLKH. 

1. U in a triani^lc the pwpenclirular fonn thi» cm Uwt t>a»c 

biaecU tbe base, then tbe IrianKl^^* 

2. If ibe biteetor of the verticcil nn^'le of u triangle is also IW’ 
pendicuiar to the bam}, ilie triangle in i»<»tioeUM. 

3. If tbe bi'^fjc'tor of the vc^riical angle of u triangle also biseeis 
the base, the triaiigle isosceles. 

[Pnxluce the bisector, and cotnpteie the c'^jnst ruction after tin 
mauni r of t. 10.] 

4 . If in a triangle a (mir of straight lines dman front tln^ es* 
ireintiie « of the lame, making oqual angUai with the sidt^, are eitual, tiu; 
triangle is isoacelea. 

5. If in a triangle the |HTjtendieulan» drawn from t!ie exlremities 
of tbe base to the opposite sides are equal, tlic triangle is isosoeles. 

0. Two triangles ABC, ABD on tbe same base AB, and on opposite 
fddea of it, are such that AC is equal to AD, and BC is e qual t(» BO i 
shew tbat tbe line joining tbe |>oints C and D is jterjiendkular to AB. 

7. ABC is a triangle in which the vertical angle 8AC is biseetted 
by tbe eiraigltt line AX : from B draw BO ^r^mndicialar to AX, and 
produce it to meet AC, or AC produced, in fe ; then shew tliat BO is 
equal to D£< 

8. In a quadrilateral ABCO, AB is ec|ual to AO. and BC Is tqtial 
to DC : shew that the diagonal AC bisects each of Utc angles which it 
joins. 

9. In a quadrilaterml ABCD the opprmite sides AD, ^ arc equal, 
and also the diagonals AC, BO are or|u^ : if AC and 60 intersect ut 
K, shew tbat each of the triangles AKB, DKC is tsoseeles. 

10« If one angle of a triangle \m equal to the sum of the oilier two, 
tba grsaieal side is double of the disiaiiee of Ue middle point from the 
opp^te angle. 
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11. If A hiJtf mmsU two parallel AimtKht Uu(n», aod Uie 

two iiikrior on the Kame nide are bi«eeied ; fthew tliat the 

bbectorii meet at rij^ht angleii. [i. 29» i. B2.] 

12. The Htraight linen drawn from any t>oint in the hijMHdor of an 
angle paralhd t<i the iimiH of the angle, and U.*muuatcd by them, are 
equal ; and the* ret^ulitug hgnre i» a ihombmt. 

13. The middle f>oint of any straight line which iik'oU two parallel 
atraight liite«i, and id tenninaU*d by them, id eqnididlaut from tin; 
parallels. 

14. A ^traight hue urawn U tween two |MiraUelH and teriiiinau*d 
'ey them, ih hiM4*t*Unl ; ahew that any other Htraight line paaKing through 
the uiiddhi point and tenniuatel by the paralleln, ig aido biaectt'd at 
that |K)int. 

15. If through a point eipiidigtant from two parallel giraight hnex, 
two Htfiiight linew an* drawn eutting the parallels, the portiong of the 
latter thus inU?rc<*pU*d arc equal. 

Ih. AB and CD are two given straight liuea, and X ig a giNen 
{Miint in AB : 11 nd a }Hiint Y in AB nach that YX may lie equal to the 
(lerfiendicular diatanoe of Y from CO. 

17. ABC ig an idodcelea triangle; re<piired to draw u straight lim* 
OE parallel to the bam* BC, and im*eting the equal gideg in D and E, 
HO that BD, OE, EC may be all CH|ua!. 

IM. T)ie Htraight line drawn tlirough the middle iM>inl of a aide of 
a triangle parallel to the bane, bisec ta the remaanng side . 

llh The straight line which joing the middle points of two Bides 
of a triangle, is panUld to the third side. 

20. The straight line whioli joins Uie middle |>oiuis of two sides 
of a triangle is equal to half the third side. 

21. Bhew that the three straight lines whioli join the middle points 
of the sides of a triangle, divide it into four triangles whi^ axe 
identically equal. 

22. Any straight line drawn from the vertex of a triangle to the 
base is bisected by the straight line which joins the middle points of 
the other fddes of the triangle. 

• 

23. AB, AC are two given straight lines, and P is a given point 
between them ; retinired to draw through P a straight line tenninatod 
by AB, AC, and bisected by P. 
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24. ABCD t« a iiaraUeiognuu, anti X, Y ari» iW middle potiiU of 
ilia oppotuio tidKMi AO, 60 : ithaw iliat BX lutd DY tiiwect the dia^ 
gooal AC. 

25. II iba middia poiuU of adjaoatit Muian of aoy qaadrilalaral W 
joined, the %ur« thas formed U a iiamUeloKraai. 

Hhew thai the Kiraight linen which p»in Ih*' tniddle pidnU of 
oppoMite iuden of a qiiiulriUt4*ral, bideel one another. 


OS ARKA.H. 

27. Shew that a tiaralkdogrmni in bittt^Htx) hy any straight line 
which {NUMes tbroagb the middle point of one of lin diagonala. (i. 2t*. 
2fJ.] 

2S. liiaeel a parailt iograui by a straight line draon through a 
given t*oint. 

2^1. Hiaect a parallelogram by a straight line drawn |H'qa'ndicular 
to one of iU mden. 

JM». Bi)«ect a jiarallelogram by a straight line drawn jmrallel io a 
given straight line. 

HI. ABCD a tra}ieratim in which the side AB {tarallvl to DC. 
Shew tlmt iu area in tM]ual to the area of « paralUdograrn fornoHl hy 
drawing through X, the middle }K>tnt of BC. a straight line paralkd 
to AD. [I. 29, 2fi.] 

32. If two Htraighi linen AB, CD iutf^rmvt at X, and if theatraight 
hnen AC and BC, which join their extremitu'^ are (mralkd, tbew tliat 
the triangle AXD is ecjual to the triangle BXC. 

HH, If two fitraight line«i AB, CD interniHd at X, »io that the 
triangle AXD is e4|ual to the triangle XCD, then AC and BD are 
jiarallei. 

$4. ABCD b a parallelogram, and X any fxmil in the dtag^mal 
AC prodnoed; shew that the triangles XBC, XDC art? e^jual. (Hcc 
Ei. 13, p. 64. J 

35. If the middle poluta of the aides of a quadrilateral Ixr joined 
in order, the paralUla^ram so formed [see £x. 25J b equal to half tbi; 
giTcn figare. 

a 

MiaCELLAKEOta EXAMPLKg. 

36. A b the vertex of an iaoaoeles triangle ABC, and BA b pro- 
doeed to D, ao that AD b equal to BA ; if DC b drawn, shew that 
BCD b a right angle. 
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S7. Tim joining (ho middle |)oirtt of Uw hypotcimiie 

of m right angled tmngle to the rigbi Angle h equal to half m hypo^ 

ienuiie. 

5H. From the eitmiiitM^a of the of a triangle perpendiciilAni 
arc drawn to the oiqKmite ♦^idee (|>rr>duce<l if ; ahew that the 

straight lini^ whicti join tlie middle ])omt of the baae to the feet of the 
perjfwndiculara are e<|ual. 

39. In a trianglo ABC. AO ih drawn }j«™ndicular to BC ; and 

X, Y. Z ate the middle of the nidei BC, CA, AB reapectirely : 

ahew that each of the auglcH ZXY, ZOY ia equal to the angle BAG. 

40. In a rlght-anghxl triangle, if a jteqjendicuhir bo drawn from 
the right angle to the h>fK)tenuMe, the two trianglea thus formed uro 
fX|uiangular to one another. 

41. If from the middle |>oints of the aides of a triangle per- 
l)oridiculnra lx; ilrawn to the aid< a, shew tlmt Uti*y will mtxd in otio 
point. 

4*J. Slu w tlmi the hiiwxjtora of the angWa of a triangle nux t in 
one point. 

43. Slu^w that the hiaactora of two exterior angles of a triangle 
tntftd on tlie hifteetor of the third angle. 

41. Prove that the mcrdianH of a triangle meet in one |xdni. 

45. In a triangle ABC, if AC hi not greater than AB, shew that 
any stnught line drawn through the \ertex A, and tenniuated by tlm 
Imne BC, is less than AB. 

40. ABC is a triangle, and ih© vertical angle BAC is hiisected 
by a straight hiio which mccU the base BC in X ; shew that BA is 
greater Umu BX, and CA greater than CX. lienoe obtain a proof of 
I. 20. 

47. The periwiidicular is the shortest straight line tliat can he 
drawn from a given point to a given straight line; and of others, 
that which is lu^an^ to the jierpiuidioular is less than the more 
lemoto ; and two, and i>nly two equal straight lines can lx* drawn 
from the given {Kiint to the given atraight line, one on each side of 
ill© perpendicular. 

411. The sum of the distances of any jioint from the three angular 
}>oinls of a triangle is greater than half its perimeter. 

49. The sum of the distances of any point within a triangle frc»m 
its angular points is less than tlie ii«*riincter of the triangle. 

50. The perimeter of a quadrilateral is greater than the sum of its 
diagonals. 
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51. In ih(» Egttre of i. 47, idiow IHaI 

(f) tho *um of tbe «M}UAr«« on AB and AE in oc|uaI Io iho nuut 
of U}« iMiuomt on AC And AD. 

<ii) Uio nquATO on EK in o«)i]iiI to Iho !M|u«jro on AB with font 
Iho (MiUAro on AC. 

(tii) the nam of Uii! on EK and FD in o<{a4iI Ui llvti 

tiinoi the »(|niite on BC. 

52. Two n^bl'Anglod triangles which have their hyiwl«!«ium*s 
equal, and one aide of one equal to one side of the other, aie i»VntirftllY 
c*qttal. 

53. I’lw^ the prop*>rtii?s of tlie etjutlah^rHl thuiigU’ to triin^q a 
giren straight line. 

64. Conatniet a triangle having given the hafte, one t.f the angles 
at the bane, and the Murn of the remaining md*^. 

55. Construct a triangle having given the Imvins one of the atigh^ 
at ih*^ baae, and the difference <*f the remaining sjih*. 
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